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Vectorial Standard Sentence Logic 
 
 

Arturo Graziano Grappone 
 

To Jorge Carrera Bola–os 
 

1. Opposite Transformations in Standard Sentence Logic 
 
 Consider standard sentence logic (abbreviate with Ô  S Õ). To 
denote the single sentences use the small latin letters with and 
without numeric indexes. To denote the monadic connective NOT  
use Ô  ~ Õ, to denote the dyadic connective AND/OR  use Ô! Õ, to 
denote the dyadic connective AND  use Ô! Õ, to denote the zero-
adic identity use Ô  1Õ and to denonte the zero-adic contradiction 
use Ô  0Õ. 
 To denote the meta-linguistic equivalence between two 
sentences use the symbol Ô=Õ. E. g. Ô  a = bÕ means that   a is 
equivalent to   b, but it is not a well formed formula of   S . Instead 
  a and   b are two different formulas of   S  in   a = b . 
 If Ô  aÕ and Ô  bÕ are well formed formulas (abbreviate with 
wffs, singular wff) of   S , let us put forward the following 
transformation rules1: 
 
A1.1   a ! a  
A1.2     a ! ~ a 
A1.3     ~ a! ~a  
A1.4   a! b " a#b 
A1.5   a! b " a#b 
A1.6 

  
a b( ) ! a b( )  where   b is a subformula of   a 

 E. g.:  
  
a ! b( ) " c = a! b( ) " c 

 
 Given any wff   a, let its opposite transformation be an 
application on   a of one of the rules A1.1, É , A1.6 and, after, new 

                                                
1 Rules A1.1, É,  A1.6 are defined by considering the transformation process of 
any wff in its dual sentence. The completely or partially outlined intermediate 
expressions are steps of such a process where the outlined parts are already 
transformed  and the non outlined ones have to be transformed. 



Metalogicon (1998) XI, 2 

 74 

applications of such rules till the elimination of all the outlined 
symbols. E. g., consider the following opposite transformations: 
 
B1.1     a

A1.2!  "  !  !  ~ a A1.1!  "  !  !  ~ a  
B1.2 

    
~ a A1.3!  "  !  !  ~a A1.2!  "  !  !  ~ ~ a( ) = a A1 .1!  "  !  !  a 

B1.3 
    
a! b A1.3"  #  "  "  ~ a $ b( ) = ~ a$ ~ b A1.1"  #  "  "  ~ a$ ~ b 

B1.4     a! b A1.4
" # " " a$b A1.2

" # " " ~ a$ ~ b A1.1
" # " " ~ a$ ~ b 

B1.5 
    
a! b A1. 3"  #  "  "  ~ a $ b( ) = ~ a$ ~ b A1.1"  #  "  "  ~ a$ ~ b  

B1.6     a! b A1.5"  #  "  "  a$b A1.2"  #  "  "  ~ a$ ~ b A1.1"  #  "  "  ~ a$ ~ b  
  
 Call final opposite  (or, briefly, opposite) of any wff the wff 
obtained from the former wff by opposite transformation. E. g., 
the opposite of    a is     ~ a, the opposite of     ~ a is   a, the opposite of 
  a! b is     ~ a! ~ b  and the opposite of   a! b  is     ~ a! ~ b . The unicity 
of such an opposite of a wff is a very easy result of sentence logic 
obtained by using the well known duality principle. 
 Call partial opposite  of any wff every partially or totally 
outlined expression obtained during an opposite transformation of 
such a wff. To be able to consider all the partial opposites  of a 
wff like sentences in   S , consider them to be all like meta-
equivalent to the final opposite of such a wff. E. g. we have the 
following meta-equivalences from previous example: 
 
C1.1     ~ a =~ a  
C1.2 

    
~a = ~ ~ a( ) = a = a 

C1.3 
    
a! b = ~ a ! b( ) = ~ a! ~ b =~ a! ~ b 

C1.4 
    
a! b = ~ a ! b( ) = ~ a! ~ b =~ a! ~ b  

 
So, every expression which contains outlined symbols, i. e. every 
partial opposite, is equivalent to the wff of   S  obtained from the 
same expression by repeated applications of A1.1, É,  A1.6. 
Hence, we can consider the partially ot totally outlined expression 
as sentences in   S . 
 Finally, let   P  be the set of sentences where there is no 
connective Ô  ~Õ but where outlined expressions are contained. It is 
evident that   P ! S . But it is also true that   S ! P . In fact, we 
have: 
 
D1.1 

    
~ a = a ! a( ) " a = a " a( ) ! a  
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D1.2     ~ a ! a = a " a 
D1.3     ~ a! ~ a = a " a  
D1.4     ~ a ! a = a " a 
D1.5     ~ a! ~ a = a " a  
and so on É  
 
 Therefore, to represent   S , we can use   P . 
 
2. Standard Sentence Logic as Vectorial Space 
 
 Consider the following meta-theorems: 
 
MT2.1: 

  
P !  is an Abelian group. 

 
 proof: 
 

  
a ! b( ) ! c = a ! b ! c( )  is a well known identity; 

    a! 1 =1! a = a  is a well known identity; 
    a! a = a ! a =1 for the considerations in ¤1; 
  a! b = b ! a  is a well known identity. 
 
 Given any sentence   a, let   a be the opposite  of   a in 

  
P ! . 

Let   1 be the neuter element  of 
  
P ! . 

 
MT2.2: 

  
P !  is an Abelian group. 

 
 proof: 
 

  
a ! b( ) ! c = a ! b ! c( )  is a well known identity; 

    a! 0 = 0 ! a = a is a well known identity; 
    a! a = a! a =0  for the considerations in ¤1; 
  a! b = b ! a  is a well known identity. 
 
 Given any sentence   a, let   a be the opposite  of   a in 

  
P ! . 

Let   0  be the neuter element  of 
  
P ! . 

 
MT2.3: 

    
P ! 1{ }( ) "  is an Abelian group. 

 
 proof: 
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P ! 1{ }( ) " # P "  which is an Abelian group for MT2.2; 

      
a ! P " 1{ } &  b ! P " 1{ } #  a$ b ! P " 1{ }  as, for every 

      
a ! P " 1{ }  

and every 
      
b ! P " 1{ } ,  it is impossible that     a! b =1, in fact, if we 

remember that 
    
~ a = a ! a( ) " a = a " a( ) ! a, then we can calculate 

  
a ! a( ) " a( )[ ] " a[ ] = a! a( ) " a( )  and 

    
a ! a( ) " a( )[ ] " a[ ] =0 ; 

for every 
      
a ! P " 1,0{ } , 

      
a!P " 1,0{ }  by definition and   0 = 0  for 

A1.1 
 
 
MT2.4: 

    
P ! 0{ }( ) "  is an Abelian group. 

 
 proof: 
 

    
P ! 0{ }( ) " # P "  which is an Abelian group for MT2.1; 

      
a ! P " 0{ } &  b ! P " 0{ } #  a$ b ! P " 0{ }  as, for every 

      
a ! P " 0{ }  

and every 
      
b ! P " 0{ } ,  it is impossible that     a! b = 0, in fact, if we 

remember that 
    
~ a = a ! a( ) " a = a " a( ) ! a, then we can calculate 

  
a ! a( ) " a( )[ ] ! a[ ] = a! a( ) " a( )  and 

    
a ! a( ) " a( )[ ] ! a[ ] =1; 

for every 
      
a ! P " 1,0{ } , 

      
a ! P " 1,0{ }  by definition and   1= 1 for A1.1 

 
 Consider the two following well known identities: 
 
A2.1 

  
a ! b " c( ) = a ! b( ) " a ! c( )  

A2.2 
  
a! b " c( ) = a! b( ) " a ! c( ). 

 
 Define now the two following algebraic structures: 
 

B2.1 let Ô
    
P ! , " Õ be the symbol which denotes 

    

P !

P " 0{ }( ) #

$ 
% 
& 

'  & 
. 

B2.2 let Ô
    
P ! , " Õ be the symbol which denotes 

    

P !

P " 1{ }( ) #

$ 
% 
& 

'  & 
 

 
 
 Consider the following meta-theorems: 
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MT2.5: 

    
P ! , "  is a field. 

 
 proof: 
 

  
P !  is an Abelian group by MT2.2; 

    
P ! 0{ }( ) "  is an Abelian group by MT2.4; 

  
a! b " c( ) = a! b( ) " a ! c( )  is a well known identity; 

  
a! b" c( ) = a! b( )" a! c( ) is a well known identity. 
 
MT2.6: 

    
P ! , "  is a field. 

 
 proof: 
 

  
P !  is an Abelian group by MT2.2; 

    
P ! 1{ }( ) "  is an Abelian group by MT2.4; 

  
a! b " c( ) = a! b( ) " a ! c( )  is a well known identity; 

  
a! b " c( ) = a! b( ) " a ! c( ) is a well known identity. 
 
 Given   P , let Ô    P

n! mÕ  be the symbol of a sentence matrix of 
  n rows and   m columns where   n  and   m are natural numbers. 
Observe that Ô    P

1! 1 Õ denotes   P . Abbreviate Ô      a1 j ! K ! anj Õ  with 

Ô
    i =1

n

! aij Õ and       a1 j ! K ! anj  with 
    i =1

n

! aij . Define the following operations 

on     P
n! m: 

C2.1 

      

a11 K a1m

M O M

an1 K anm

! 

" 

# 
# 
# 

$ 

% 

& 
& 
& 
'[ ]

b11 K b1m

M O M

bn1 K bnm

! 

" 

# 
# 
# 

$ 

% 

& 
& 
& 

=

a11 ' b11 K a1m ' b1m

M O M

an1 ' bn1 K anm ' bnm

! 

" 

# 
# 
# 

$ 

% 

& 
& 
& 

 

C2.2 

      

a11 K a1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

'[ ]
b11 K b1m

M O M

bn1 K bnm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

=

a11 ' b11 K a1m ' b1m

M O M

an1 ' bn1 K anm ' bnm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 
 

C2.3 

      

a11 K a1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

=

a
11

K a
1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 
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C2.4 

      

a11 K a1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

'

=

a11 K an1

M O M

a1m K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 
 

C2.5 

      

a11 K a1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

' ([ ]
b11 K b1 p

M O M

bm1 K bmp

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

=
i =1

m

' a
1i

( b
i1( ) K

i =1

m

' a
1i

( b
ip( )

M O M

i =1

m

' ani ( bi1( ) K
i =1

m

' ani ( bip( )

!  

" 

# 
# 
# 
# 
# 

$ 

% 

& 
& 
& 
& 
& 

 

C2.6 

      

a11 K a1m

M O M

an1 K anm

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

' ([ ]
b11 K b1 p

M O M

bm1 K bmp

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

=
i =1

m

' a
1i

( b
i1( ) K

i=1

m

' a
1i

( b
ip( )

M O M

i =1

m

' ani ( bi1( ) K
i =1

m

' ani ( bip( )

!  

" 

# 
# 
# 
# 
# 

$ 

% 

& 
& 
& 
& 
& 

 

C2.8 

      

a !( ]
b11 K b1p

M O M

bm1 K bmp

" 

# 

$ 
$ 
$ 

% 

& 

'  
'  
'  

=

a ! b11 K a ! b1m

M O M

a ! bn1 K a ! bnm

" 

# 

$ 
$ 
$ 

% 

& 

'  
'  
'  

 

C2.9 

      

a !( ]
b11 K b1p

M O M

bm1 K bmp

" 

# 

$ 
$ 
$ 

% 

& 

'  
'  
'  

=

a ! b11 K a ! b1m

M O M

a! bn1 K a! bnm

" 

# 

$ 
$ 
$ 

% 

& 

'  
'  
'  
 

 
 Abbreviate the sentence matrices with the bold small letters 
with or without numeric indexes. Finally, consider the following 
meta-theorems: 
 
MT2.7:     P

n! m is a vectorial space on the field  
    
P ! , " . Call it 

Ô
      
P !,"[ ]n# m

Õ. 
 
 proof: 
 

  
a ![ ]b = b ![ ]a  by definition of the operation ![ ] ; 

  
a ![ ] b ![ ]c( ) = a ![ ]b( ) ![ ]c by definition of the operation ![ ] ; 

  
a ![ ]0 = a ![ ]0 = a : let Ô  0Õ be the symbol of 

    

0 K 0

M O M

0 K 0

! 

" 

# 
# 
# 

$ 

% 

& 
& 
& 

 

  
a ![ ]a = 0  by definition of the operations ![ ]  and ; 

    
a !( ] b "[ ]c( ) = a !( ]b( ) "[ ] a !( ]c( )  by definition of ![ ]  and !( ] ; 
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a ! b( ) "( ]c = a "( ]c( ) ![ ] b "( ]c( )  by definition of ![ ]  and !( ] ; 

    
a! b !( ]c( ) = a ! b( ) !( ]c by definition of !  and !( ] ; 
    
1 !( ]a = a  by definition of !( ] ; 
MT2.8:     P

n!m is a vectorial space on the field  
    
P ! , " . Call it 

Ô
      
P ! , "[ ]n# m

Õ. 
 
 proof: 
 

  
a ![ ]b= b ![ ]a  by definition of the operation ![ ] ; 

  
a ![ ] b ![ ]c( ) = a ![ ]b( ) ![ ]c by definition of the operation ![ ] ; 

  
a ![ ]1 = a ![ ]1 =a : let Ô  1Õ be the symbol of 

    

1 K 1

M O M

1 K 1

! 

" 

# 
# 
# 

$ 

% 

& 
& 
& 

 

  
a ![ ]a = 1  by definition of the operations ![ ]  and ; 

    
a !( ] b "[ ]c( ) = a !( ]b( ) "[ ] a !( ]c( ) by definition of ![ ]  and !( ] ; 
    
a ! b( ) "( ]c = a "( ]c( ) ![ ] b "( ]c( )  by definition of ![ ]  and !( ] ; 

    
a! b !( ]c( ) = a! b( ) !( ]c by definition of !  and !( ] ; 
    
0 !( ]a = a  by definition of !( ] ; 

 
 

3. Determinants of Squared Sentence Matr ices 
 
 Given   P

n! m , consider the case   n = m. So,   P
n! m becomes   P

n2

. 

We have the two vectorial spaces 
    
P ! , "[ ]n2

 and 
    
P ! , "[ ]n

2

. Call 
the elements of   P

n
2

 squared sentence matrices. 
 Define the determinant  of a squared sentence matrix   a  (let 
Ô
  
a Õ be its symbol) in the following way. 

 Put 

        

a =

a11 K a1n

M O M

an1 K ann

!  

" 

# 
# 
# 

$ 

% 

& 
& 
& 

. Let Ô  ai
j Õ be a symbol that means   aij . 

Let Ô! Õ and Ô  C Õ be the symbols of two generic binary operations. 
Consider now all the     n!  expressions       a1

k1 ! K ! an
kn  where       k1,K ,kn  is 

any permutation of the first   n integer numbers. Put a good order at 
will between the expressions 

      a1
k1 ! K ! an

kn  once and for all. Let 
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P1 !( ),K ,Pn! !( )  be such an ordered set of the expressions 

      a1
k1 ! K ! an

kn . If 
      
Pr !( ) = a1

k1 ! K ! an
kn , then Ô      a1

k
1

r

! K ! an

k
n

r

Õ  denotes 

      a1
k1!K ! an

kn . Let 
  
Qr !( )  be       a1

k
1

r

! K ! an

k
n

r

 if       k1
r ,K ,kn

r  is obtained from 

      1,K , n  by an even number of exchanges, otherwise let 
  
Qr !( )  be 

      
a1

k
1

r

! K ! an

k
n

r

. Finally, let 
      
S C,!( )  be 

      
Q1 !( )C K C Qn! !( ) .  So, we 

give the following definition of determinant: 
 

A3.1 

      

a11 K a1n

M O M

a
n1 K a

nn

= S ! , "( )  in 
    
P ! , "[ ]n2

 

 

A3.2 

      

a11 K a1n

M O M

an1 K ann

= S ! , "( )  in 
    
P ! , "[ ]n2
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