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Vectorial Standard Sentence Logic

Arturo Graziano Grappone

To Jorge Carrera Bola—os

1. Oppodte Transformationsin Standard Sentence L ogic

Consgder standad sentence logic (abbreviate with & §. To
denote the single sentences use the small latin letters with and
withoutnumeric indexes. To denote the monadic connective NOT
ue 0@ to denote the dyadic connective AND/OR  use OOto
denote the dyadic connetive AND use O Q to denote the zero-
adic identity use O Oand to denonk the zero-adic contradiction
ue®0O

To denote the meta-linguistic equivalence beween two
sentences use the symbol GO E. g. Gi=bOmeans tha a is
equivaent to b, butit isnotawell formed formulaof S. Indead
a and b are two different formulasof s in a=b.

If GtOand GoOare well formed formulas (abbreviate with
wifs, singular wff) of S, let us put forward the following
trandormation rulest:

All a! a

Al2 a! ~a

Al3 ~a—-a

Al4d a! b" atb

AlS5 a! b" a#b

A16 db)! alb) where b isasubformulaof a

E.g.: (a! 1_3)" c:(a! b)" c

Given any wff a, let its opposte trandormation be an
applicationon a of oneof therules A1 1, E , A1.6 and, after, new

1RulesAl1.1, E, A1.6 aredefined by considering the transformation process of
any wff in its dual sentence. The completely or partially outlined intermediate
expressions are steps of such a process where the outlined parts are aready
transformed and the non outlined ones have to be transformed.
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applications of such rules till the eliminaion of al the outined
symbols. E. g., consder thefollowing opposte trandormations

B11 a! f* ~al " ~a
B12 ~a! #* ~al = ~(~ =al ¥ a
B13 al b" *¥% ~(asbj==a$~b" “¥ ~a$~b

Bl4 ar b—**sawbw—%*>~av~b—*>~av~b
B15 a! b" "% ~ (a$ b) =~a$~b" *"# ~a$~b

B16 a! b" "% agh" “%# ~a$~b" “# ~a$~b

&/

Call final opposte (or, briefly, opposte) of any wif the wff
obtained from the former wff by opposte trandormation. E. g.,
theopposte of a is ~a, theopposte of ~a is a, the opposte of
a! bis ~a ~b andtheopposte of a! b is ~a ~b. The unicity
of such an opposte of awff isavery easy result of sentence logic
obtained by usng thewell known dudity prindple.

Call partial opposte of any wif every patialy or totaly
outlined expression obtained during an opposte trangormation of
such awff. To be able to consder all the partial oppostes of a
wff like sentences in S, condder them to be all like meta
equivaent to the find opposte of such a wff. E. g. we have the
following meta-equivalences from previousexample:

Cll ~a=-~a

Cl2 ~a=~ ~a):a:a
Cl3 a
Cl4d a

So, every expression which containsoutlined symbols, i. e. every
patial opposte, is equivalent to the wff of S obtained from the
same expresson by repeated applications of Al1.1, E, Al6.
Hence, we can consder the patially ot totally outlined expression
assentencesin S.

Findly, let P be the set of sentences where there is no
connective O~ Obut where outlined expressionsare contained. It is
evident that P CS. But it is aso truetha s! pP. In fact, we
have:

D1.1 ~a:(a! g)" a:(a" g)! a
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D12 ~al a=a"a
D13 ~a ~a=a"a
D14 ~a! a=a"a
D15 ~a ~a=a"a
andsoonE
Therefore, to represent S, wecanue P .
2. Standard Sentence Logic asVectorial Space
Consde thefollowing meta-theorems:
MT2.1: P() isanAbdiangroup.
proof:
(a! b)t c=at (b! ¢ isawell known identity;
arl=1ra=a isawel known identity;
al a=a! a=1 fortheconsderationsin ol
a! b=b! a isawell known identity.

Given any sentence a, let a betheoppasite of ain P(!).
Let 1 betheneuter element of P(! ).

MT22: P() isanAbdiangroup.
proof:

(a! b)t c=at (bt c) isawell known identity;

a! 0=0! a=aisawel known identity;

ava=ava=0 fortheconsderationsin ol

a! b=b! a isawell known identity.

Given any sentence a, let a betheoppasite of ain P(1).
Let 0 betheneuter element of P(! ).

MT23: (P! {1){") isanAbdiangroup.

proof:
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(P {1}){")# P (") whichisan Abdian groupfor MT2.2;
atP"{} &ab!P"{ # aspiP"{y as for every a!pP"{g
and every b! P " {1}, itisimposible tha a! b=1, in fact, if we
remember tha ~a=(a! a)" a=(a" a)! a, then we can calculate
[((a! g) " a)]" [a] = (a! g) " a) and [((a! Q) " a)]" [g] =0,

for every a! P "{10}, aeP -{10} by definition and 0=0 for
All

MT24: (P 1 {d})") isanAbdiangroup.
proof:

(P {O}B( )# P(*) which is an Abdian groupfor MT2.1;
atP{of & btP {0} # asb! P {0} as, for every a! P "{o}
and every b! P " {0}, it isimpossible tha a! b=0, in fact, if we
remember tha ~a=(a! a)" a=(a" a)! a, then we can calculate
[((a! g)" a)]! [a] :((a! z_i)" a) and [((a! g)" a)]! [g] =1;

forevery a! P " {10}, a! P " {10} by definitionand 1=1 for A1.1

Consde thetwo following well known identities:

al ¢

A21 a! (b" ¢)=la! b
A2.2 al (b" cJ]=(a! b)"

al c|.

Definenow thetwo following algebraic structures:

()

B2.1 let @ ( ," ) Goethe symbol which denotes % :
i & - o)

()

B2.2 let & (1, ) Ooethe symbol which denotes % ‘.
P " {1fr)
Consde thefollowing meta-theorems:
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MT25: P(,")isafidd.
proof:

P(v) isan Abdian groupby MT2.2;

(P —{0})(/\) isan Abdian groupby MT2.4;

al (b" ¢J=(a! b)"(a! c|] isawell known identity;
av(bac)=lav b)alavc|isawel known identity.
MT26: P(,")isafidd.

proof:

P(! ) isan Abdian groupby MT2.2;

(P {1}){") isan Abdian groupby MT2.4;

al (b" cJ]=(a! b)" isawell known identity;
al (b" cJ=(a! b)" c) isawell known identity.

al c

al

Given P, let @ "0 be the symbol of a sentence matrix of
n rows and m columns where n and m are naura numbers.
Observe tha CP“Odenot& P . Abbreviate Q! K! 3,0 with

O 8 Oand a,! K!a, with | ay- Define the following opeations
onp":

a, K a, K h, a,Ab, K a,nb,
C2l1| M O [A] o Ml=| M o0 M

a, K an, b, K b, amAbnl K a,nrb,,

| | I

'811 K aim 'bll K Q.m$ bJ.l K bJ.m
c22im o im o M&ﬁ MO §

#anl K a'nm 0 #bnl K bnm%) #anl bn K m /

I I $

la, K &% !'a, K a,
c23%m o ME=im o Mg

i

", K amg) ffa, K a8
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la, K a,$ !b K b,$ ;!#'i:l(an(bu) K '_l(au(bm)g
C25§MO '(ﬁl\/lo M&:ﬁ M ) M g
fa, K a8 b, K nﬁ #-:(am( h) K _ml(am(bip)g
la, K a,$ !b, K b,$ a!#'_l(au(bu) K 'iﬂ(au(bm)?c
C26§MO '(ﬁlvlo M&:ﬁ M ) M ﬁ
fa, K a8 b, K nﬁ% #-:(am( h) K ml(am(bip)g
"b, K B% “alb, K albX% |
028a(!]$|v|o M= M O M.
§bml K bog %a! h, K alb.g
"b, K b,% "alb, K a!b,¥
C29 a(!]$|v|o M=% M o M .
§bm K b,& %a! b, K al h,&

Abbreviate the sentence matrices with the bold small letters
with or without numeric indexes. Findly, consder the following
meta-theorems;

MT27: P""isa vectorial space onthefield P(1,"). Call it

e (v.A) "0

proof:

! o= {! Ja by definition of theopeation [v];
all ](b[! ]c) = (a[! ]b)[! |c by definition of the opaation [ ];
'o K o
dt o=4[t Jo=a: let @Cbethesymbol of %M o g
0 K
j! Ja=0 by definition of the operations|! | and ;(

A(tve) =(a(#]o)[v](a(+]e) by definitionof [+ ] and (:];
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(a1 B)"Je=(a" ]c] (K" ]¢) by definitionof [1] and (:];

al (bt )= (at b)(! |c by definitionof ! and (! ];

1 Ja=a byde‘lnltlonof( E

MT28: P™" isa vectorial space onthefield P(1,"). Call it

TR
proof:
! b- ! J]a by definition of the operation ! | ;
a! ](b! ]c):(a{! ]b)[! |c by definition of the opaation [ ];
1 K 19
3! =4[t p =a: let @ Coethesymbol of ﬁl\/l o) g
(

i}ﬁb K
()

efinition of theopeations|! | and ;
(a' b( ]

d
=(a(t Jo)["](alt Je) by definitionof | and 1 ];
= (al" ] | ](o"]¢) by definitionof [1] and (1];

al (bt ]c):(a! b)(| ]c by definitionof ! and (!];

o a=a by definitionof (! ];

3. Determinants of Squared Sentence Matrices

Given P"", condder the case n=m. So, P"" becomes P".
n2
We have the two vectorial spaces [P (. )]"2 and [P (. )] . Call
theelements of P ™ squared sentence matrices.
Define the deerminant of a squaed sentence matrix a (let
G Coeits symbol) in thefollowing way.
la, K &%

Put a=%M 0 M. Let GyObe a symbol that means 3 .

#

a, K a,%
Let @ Gand & Cbethe symbols of two generic binary opaations
Congder now all the n expressions &*! K ! & whee k,K k, IS
any pemutation of thefirst n integer numbers. Put agoodorde at
will between the expressions &¢! ...! & onc and for all. Let
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(R( )k P,(1)) be such an ordered set of the expressions
g1 K1 arn If p(1)=a"1 K! a", then &*1 K ! a'O denotes

&TIK [Ja". Let Q1 ) bea®t K1 a’ if k'K k! isobtined from
1K ,n by an even number of exchanges, othewise let Q(! ) be

K" k"

a'l K! a’. Findly, let §c,!) be Q[ Jckcq,(). So, we
give thefollowing definition of determinant:

a, K a, .
A31|M O M:S(!,") in [p(|,n)]
a, K a,
a, K a, .
A32 (M O M:d!,") in [p(!,n)]
a, K a,
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