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Many-valued Sentence Logics:
Representation Problems
in Standard Sentence Logic

Arturo Graziano Grappone
To Enzo Tiezzi
1. Introduction

In this paper we study the representability of many-valued
logics in standad sentence logic.

2. Digunctive normal formsin Many-valued L ogics

Let L beamany-valued logic at will with, for example, the
n truth vaues v,,..,v,,,. Select among v,,K,v,,, two truth

valuesat will andcall them v, andv,.

Define 'bd of v; onv," (written '! ,J) every connective of L

whose truth table is compdible with thefollowingrules:
BEL1:  (K)(v," v'=v,"lv.=v)),
BEL 2: (! k)(‘vk vty v].').

Define 'abo of v, on v;" (written " ! { ") every connettive of

L who= truth table is compatible with the following rules:
ABO1:  (VK)(v, viv'="v,vIv, =V,
ABO2: (! k)('vk vyt ='vk').

Given any truthvalue v, of L, define 'v -inof v; onv;’
(written '(v,)") the monadic connettive whose truth table is
compdible with thefollowingrules:

IN L' (v, ) v ="V,
IN2: k! h" '(vk)’ivh' =v'.

J
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Abbreviate'(v;) * with ~.
Given any truth value v, of L, ddine 'v, -outof v, on
v," (written Tv,]'") every monadic connettive whos truth table is
compéible with thefollowing rules:
OUT1:  ‘[v]v'=v,,
ouT2:  ‘[v]v,/=v .
Define'andogy of v, onv;" (written '! 7" the connetive of
L who= truth table is compatible with the following rules:
ANL 1 (1 K)(v, "l v =v),
ANL2: (1K)t h)(k" h# "v, $) v, =v,').
Define 'absurdity of v, onv," (written ! !") any formula of
L whose truth table containsvalues v; only.

Consder now the formula !/ (p,K,p,) of L whee
p.K, p, areaomic sentences. Suppo® thefollowingtruth table:

H(poK.py) D K Pm
01 VO K VO
0> Vo K \'A

K K K K
Vo v, K v,

From the n-valued sentence calculusit is very easy to prove
that ! (p,K ,p, ) hasthesame truth fundion as:

[Vol]:(("ox p.! K %(Vo)ajpm)" | [VOz]:((VO)i Pyt /K {(vl)ijpm)"{

e, [()p 1LY

We cal the previous formula v;,v; ! disjunctive normal
form of theformula ! (p,,K ,p,,) in theconsdered logic.
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Example 2.1

Consider the three-valued calculus in the most complete
form. Consider also the following dyadic connective with its truth
table:

PRq P |4
1 2 | 2
0 2 |1
0 2|0
2 1|2
1 1|1
2 110
2 0| 2
1 0|1
0 00

The connectives that are definable, for example, as 'bel of 2
on Q' (written ' ! 2') have the following rules in common:
2192=2,2150=0,0!22=0,0!30=0.

The connectives that are definable as 'abo of 2 on 0'
(written ' 1 ') have the following rules in common: 2152=2,
2150=2,0!17;2=2,01;0=0, (k)(v,!30=0!3v,'='v,).

The connective ' 2-in of 2 on Q' (written '(2)2') has the
following truth table: (2)(2)2 =2, 2! v, " ‘(2)2Vh' =0.

The connective '1-in of 2 on Q' (written '(1)2 ") has the
following truth table: (1)21: 2, 1l v, " (1)2 v,'=0.

The connective ' 0-in of 2 on Q' (written '(O)g ') has the
following truth table: (0)20 =2, 0l v, "' (0)2 v, =0.

The connectives that are definable as ' 2-out of 2 on Q'
(written ' [2]2 ') have the following rules in common: [2](2)2 =2,

[2];0=0.
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The connectives that are definable as ' 1-out of 2 on O'
(written ' [1]2') have the following rules in common: [1]22:1,

[150=0.
The connectives that are definable as ' O-out of 2 on 0'
(written ' [0]2') have the following rules in common: [0]22 =0,

[0]50=0.
Finally, the connective ‘analogy of 2 on Q' (written
"o ) has: (K)( v ! 5ve=2), (k)(h)(k! h" v, # v, =0).
The 20! disjunctive normal form of PRQ is the following:
[13((22p! 2(2)20)" 2[0L2((@)2p! S W30) "2
1 Jl0%3((2 )zp"g( 0);0)! 5 [2o(@2p" 5 (230)! §
vala((D5p A5 2q)V2[2] (@2p a2 ()ZQ)vz
920202 (2)20) 1 ¢ [45((0)2p" S (D3a)! S
: 2[012(( ) ! 0(0)2‘])

The proof of truth function identity between the last formula
and pPRQ by the three-valued calculus is left to the reader.

Example 2.2

Consider the standard sentence calculus and a dyadic
connective at will, for example:

pPOq P14
0 1|1
1 110
1 01
0 0]0

The connective 'bel of 0 on 1' (written ' !%') has the
following truth table: 01 ; 0=0, 0agl=1115;0=11!;1=1

The connective ‘abo of 0 on 1'(written '! %') has the
following truth table: 0! ;0=0, 0!.1=0, 1!,0=0,
11.1=1.
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The connective ' 1-in of O on 1' (written '(1); ') has the
following truth table: (1),1=0, (1),0=1.

The connective ' 0-in of 0 on 1' (written '(0)2 ") has the
following truth table: (0),1=1, (0),0=0.

The connective 'l-out of 0 on 1'(written ' [1]2 ') has the
following truth table: [1];1=1, [1];0=1.

The connective ' Q-out of 0 on 1'(written ' [O]t ') has the
following truth table: [0];0=0, [0],1=1.

Finally, the connective ‘analogy of 0 on 1' (written
"13 ") has the following truth table: 0! t0=0, 0!j1=1,
1110=11!31=0.

Now, we can make a mapping from the last connectives and
the standard connectives by truth table identity. We have:

Previous Connectives Standard Connectives
1 I
Iy !

Il
"0

(L)

(0),- [0,

monadic identity

[4,

monadic contradiction

The previous mapping permits us to identify
0,1! disjunctive normal form of pOq, i. e:

(015 (o p! & @Woa) " s [Ls(@op ! § (0)ea)" &
oLa((0)6p " & (Woa) & 016 ((0)6p™ & (0)50)
with the standard conjunctive normal form of pOqQ:
(~pv~a)a(pva)
We shall let the reader prove the identity betwen the
standard disjunctive normal form of pOq and its

1,0! disjunctive normal form that use 7, ! 7, (1)f , (O)f , [O]E )

| 1

[1]f instead of ! o' (1)2, (0)2, [O]t, [1]2.
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We cdl v;,v; —disjunct every formula tha has the form

[vy]j((vn)fpll K1 ’(me)lpm) It is very easy to prove thd,
given alogic L tha has v;,v; amongits truth values, every its
formula has an equivaent v,v,;! digundive noma form,
therefore, to study L, we can consder the v,,v; ! digundive
nomal form only indead of al thepossible formulas.

We shdl let the reader prove the distributivity of a

connettive [vy]lJ i. e tha [vy]ij((vxl)ijpl! K| ij(va)ijpm) is
equ'walentto[vy]ij(vxl)ijpl 1K ! ij[Vy]:(me)ijpm :

3. Representation of Many-valued Logics in Standard
Sentence L ogic by Standard Predicative Calculus

Given any many-valued logic L with truth values v, and
v;, it is posible to make a mapping of it in the standad

predicative calculusalso in thefollowing way:

Many-valued Logic Standad Predicative Calculus
[vy]j(vk)li'ph Ayzl(ak’ah)
|} !
¥ !
I A

Observe tha to replace ! | and !'! with the same standard
connective ! does not create mapping ambiguity because the sole
indexes of A%(a,,a,) aways permit recongrudtion of theorigina

digundive nomal form.

Example 3.1

In example 2.1, the disjunctive normal form of pRQ is:
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[13((2)2p! 0(2) ) 21015((23p! 2 (@39)" 3
| J[015((2)2p 5 (0); )-2[2] (3 °(2)ZQ)!
2l (12p 2 (2 ) 2 [212(@: 0" 2 (0)20)!

No MO

202" (2)20) ¢ 420 p ¢ )
| 2[012(< 0)p" 2(0)%0)

If we put p equal to p and q equal to p, and apply the
distributivity of the connectives [Vh ]IJ in the disjancts, our
formula becomes :

[15(2:m [1]2( )Opz "o 101525 p, ! 5[015(05p, " 5

v3[0]5(2 )zpl A2 [0]5(0)p, v 2[210( 0,0 A5 [2(2),p, v

o1l @),p, " 5 [, ()op, ! [2] ()2Q"3[2]2(0)2p2!2

1 91215(0)2p, " 5 [25( )2p2 o 1( )zpl oL @sp, ! )
1 J101(0)p, " 2[012( 0),p,

this last formula corresponds in standard predicative calculus to
the formula:

(az a,)! Afa,a,)! Aj(a,a,)! Ala,a,)!
AZ(a.8)! Allaya,)! Adaa)! Alfa,a,)!
'A( a,,3,)! A( a,)! Aj(a,a)! Aj(ana,)!
L A%(a,,a)! A(a,a,)! Af(aya)! Alfa,a,)!

N’ -

'A(aoal)'A(aoaz

Findly, as regards as the theorems in the many-valued
logics, themosg general suppostionistha if v,K,v ,K,v , ae
thetruth values of any many-vaued logic, then the truth fundions
of corresponding theorems can contain only the truth vaues
Vo, K, Vv, . Such a suppostion can easly be represented in the
standad predicative calculus by subdgitution of any formula

Ai(ai ,aj), whos predicate corresponds to a truth value tha can
bdongto theorem truth fundions with (Aﬁ(a,. ,aj) ! Aﬁ(a. ,aj)).
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Example 3.2

Given example 3.1, let as say that the theorem truth
functions can contain the truth value 2 only, so our formula
becomes:

Ala,a)! Alla,a,)! Adla,a)! Aja,a,)! Ala,.a)!
As(ag.a,)! (Ad(ana)" Adana))! (AXa,a,) " Al(a,.a,))!
Alla,a)! A(a.a,)! (Ad(a,.a)" AXa, al))

! (Ai(az,az)" Ai(a,a,))! Allag.a)! Alfa,a,)!
LAl (ag.8)! Aj(ay,a,)

Observe that the sentences of standard first order predicative
calculus tha represent the sentences of any many-valued logic in
this pgper, do nothave variables and quantifiers, therefore they are
aso sentences of standad sentence logic and, from our
condruction, such formulas are two-valued tautologies iff they
represent theorems of the beng consdered many-valued logic.

Other, and even bdter, representations of many-valued
logics in the standard sentence logic with conservation of the
theorems can exist, aso better, but, in this paper, it isimportant to
provethe existence of at least oneof such representations

Findly observe tha in the present representation every
formula of any many-valued logic is representable in standard
sentence logic but not vice versa, this fact suggests tha any many-
valued logic is not an expandon of thetwo-valued logic, but could
bearestrictioningead. Other studies are necessary on such topics.
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