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On Polyadic Connectives: a New Language

Arturo Graziano Grappone

1. Summary

In this paper we study a new language for the standard

sentence logic with polyadic connectives.
2. An Opportune Standard Sentence L ogic L anguageL

The standard sentence logic has a very diffuse language
which we shall call standad language Jan Lukasiewicz has
created a more powerful language also if less used which we shall
call Lukasewicz@ language These two language will be the
references to explain the new language L which we want
introduce.

Observe that every connective in the standard sentence logic

is characterized univocally by its truth table and vice versa.

Consider, e.g., the 2-adic connectives “and”, “inclusive or” and
“implies”, in standard language in order, !, ", #. Each one of them
characterizes one and only one own truth table which we write using the

symbol 1 as “true” and the symbol O as “false”.
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p q plq p qa p'q p q  p#q
1 1 1 1 1 1 1 1 1
1 0 0 1 0 1 1 0 0
0 1 0 0 1 1 0 1 1
0 0 0 0 0 0 0 0 1

These three truth tables are different among them only in their third
columns. So, fixed the first two columns only and for all, the third column

characterizes univocally the connective, so, we have:

$ p'q p#q

O o ok

O R Rk R

R PO R
©

By generalization of the last considerations we can deduce

easily the following metatheorem:

Metatheorem 2.1 Exist a oneto-onecorrespondance between the
set of the n-adic connetives and the set of the colunms of 2"
truth values 0 and 1.

Now, consider the matricial transposition of a column of 2"
truth values 1 and 0. We obtain a row of of 2" truth values 1 and
0. By substitution of the truth value 1 with the digit “1” and of the
truth value O with the digit “0”, we transform our row of truth
values in a binary number which can be put in decimal form

always. By generalization of the last considerations we can deduce
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easily the following metatheorem:

M etatheorem 2.2. Any connective characterizes oneandonly one
non-negative integer nunber.

Unfortunately the converse of the last metatheorem is not
true: Distinct among themselves connectives can characterize
the same non-negative integer number by their truth tables. In

fact, consider the following example:

[Tt

Define the two following connectives where “~” means “not”:
% (p, @) equal to ~p! ~q

%(p,q,r)  equal to ~p! ~q! ~r

By their truth tables we deduce easily that:

$ ~p! ~q $ ~pl ~q! ~r

R O O O
R O O O O O o O

But the two previous columns transform themselves into the same

number:
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Column Transposition Binary number Decimal format
0
0
0 $ 0001 $ 1 $ 1
1
0
0
0
0
0 $ 00000001 $ 1 $ 1
0
0
1

But, if it is true that more distinct connectives characterize
the same non-negative integer number N by their truth tables, it
is true also that two truth tables which characterize the same
non-negative integer number N have the same number of digits
never. Therefore, if we consider a couple of non-negative integer
numbers in which the first term is characterized by the truth table
and the second term by the number of digits of the same truth

table, then we can affirm:

Metatheorem 2.3. A couple of nonnegative integer nunbe's
charaderizes one truth table at mogs and, therefore, one
connetive at mog.
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Only some couples of non-negative integer numbers
characterize its own connectives because a truth table of an
N -adic connective contains columns of 2" symbols O or 1 and
therefore the greatest binary number which it can characterize is
the following: 1 ... 2" times ... 1. This number, in decimal

format, is equal to expression 2-1. So, we can affirm:

Metatheorem 2.4. Given the non-negative interger nunbe's m

and n, thecouple {m mod 2(2n),n} characterizes one andonly one

n -adic connective,

where “mod” is the arithmetic operation “module”. If n is equal to
0, we have a 0-adic connective which is one of the truth values 1
and O.

Symbolize by m [n ] the connective characterized by the

couple {m mod 2(2n),n} . Then we can put the syntax of L.
Syntaxrulesof L:

SL1 If n isa postive integer nunber, then Op, Ois a well
formed formula (shortened wff, plural wffs) in L.

SL2 If 4 and B arewffs, and m andn are non-negative integer
nunbers, then m[ n]J4Bisawiffin L.
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SL3 The wifs of L are all and only the formulas which are
obtained by SL1 and SL2.

To clarify the language L we show the following table of
equivalence among wffs in Eukasiewicz’ language, wffs in the

standard language and wffs in language L.

LukasewiczO L Standard
Vpd 15021p; p» PP
Apd 1421p; pa PP
Bpa 13121p; pa P
P 11121p; pa b
bpd 712Ip; p2 e
Fpa 9[2Ip; pa pSa
Fpd 3121p; pa P
opd 5121p1 p2 -
b 10[21p; pa 1
P 12[21p; pa b
Jpq 61211 P> ~(p&q)
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Kpd $121p; pa Phd
kP 4121p; py pt~d
Mpa 2021p; pa P
~pd 1121p; p2 P
opd 012Ip; P PP
NP 11y P

3. Polyadic connectivesin L

Rigorously, a polyadic connective is a connective which has
more than an argument. But the problem of the polyadic
connectives is in the actual logic the study of those connectives
which have many and many arguments and the search of
properties of theorems which are independent from the number of
arguments of the interested connectives. To ameliorate the study

of these problems it has been introduced the language L.
Consider the expression (ﬁ(x)[x] o} E pn)where f(X) is a

function in the set of non-negative integer numbers . For any non-
negative integer number N, if we substitute N to X, then this
expression is a wff of L always. So, for any x, f(x)[x] become
one and only one correspondent X -adic connective. In other terms,

f(X)[x] is a one-to-one correspondance between the non-negative
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integer numbers X and the X -adic connectives. The round
parenthesis in (ﬁ(x)[x] p E pn)are necessary because it is not
possible to know the number of arguments of f(X)[X ] a priori.

The expressions, that are like to (ﬁ(x)[x] p E pn), are very

useful to represent in L the most studied poliadic connectives. We

give some examples.

Polyadic Logical Product

The polyadic logical product is the logical product of n arguments for n
at will. Therefore, for n = 2 the matricial transposition of its truth table is
1000 which characterizes the decimal number 8, for n = 3 it is 10000000
which characterizes the decimal number 128, for n = 4 is 1000000000000000
which characterizes the decimal number 32768 and so on. Therefore, the

polyadic  logical product characterizes the following one-to-one

()

correspondance: N $ 2

inL as #@(2»‘"1)[)6]191 ...pr.

. So, we can represent the polyadic logical product

Polyadic Logical Sum

The polyadic logical sum is the logical sum of n arguments for n at
will. Therefore, for n =2 the matricial transposition of its truth table is 1110
which characterizes the decimal number 14, for n = 3 it is 11111110 which
characterizes the decimal number 254, for n = 4 is 1111111111111110 which

characterizes the decimal number 65534 and so on. Therefore, this connective

2"
characterizes the following one-to-one correspondance: n $ 2( )- 2. So, we
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can represent it in L as (Z(ZX) - 2[x]p,E px).

Polyadic Logical Sum of Negations

This connective is the logical sum of the negations of N arguments for n
at will. Therefore, for n =2 the matricial transposition of its truth table is
0111 which characterizes the decimal number 7, for n = 3 it is 01111111
which characterizes the decimal number 127, for n = 4 is 0111111111111111
which characterizes the decimal number 32767 and so on. Therefore, the

polyadic logic sum of negations characterizes the following one-to-one

2" 2" .
correspondance: n $ 2( )- 1- 2( ) So, we can represent this connective in

L as ﬁé@(zx) w1 2B E p f

Polyadic Logical Product of Negations

This connective is the logical product of the negations of N arguments
for n at will. Therefore, for n =2 the matricial transposition of its truth table
is 0001 which characterizes the decimal number 1, for n = 3 it is 00000001
which characterizes the decimal number 1, for n = 4 is 0000000000000001
which characterizes the decimal number 1 and so on. Therefore, the polyadic

nand characterizes the following one-to-one correspondance: n$ 1. So,

we can represent the polyadic nor in L as (1[ X] P ... px).

Polyadic Tautology

The polyadic tautology is a connective of n arguments for n at will
which gives always 1 as result. For n = 2 it corresponds to L-ukasiewicz’s
connective V. Therefore, for n=2 the matricial transposition of its truth table

is 1111 which characterizes the decimal number 15, for n= 3 itis 11111111
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which characterizes the decimal number 255, for n = 4 is 1111111111111111
which characterizes the decimal number 65535 and so on. Therefore, the

polyadic tautology characterizes the following one-to-one correspondance: n $

2(2n)- 1. So, we can represent it in L as ?(y) "1[x]p E pr.

Polyadic Contradiction

The polyadic tautology is a connective of n arguments for n at will
which gives always O as result. For n = 2 it corresponds to L-ukasiewicz’s
connective O. Therefore, for n=2 the matricial transposition of its truth table
is 0000 which characterizes the decimal number 0, for n = 3 it is 00000000
which characterizes the decimal number O, for n = 4 is 0000000000000000
which characterizes the decimal number 0 and so on. Therefore, the polyadic

and characterizes the following one-to-one correspondance: n$ 0. So, we

can represent the polyadic contradiction in L as (O[X] D px).
GalenB ' () (*+ p+, - [= Tel«iaMike]

The Galen’s '() (*+ p+, - is the exclusive or of n arguments for n at will, i. e.
it is true only in the cases where one and only one argument is true and the
remaining are false. For n =2 it corresponds to L-ukasiewicz’s connective J.
Therefore, for n=2 the matricial transposition of its truth table is 0110, for
n =3 it is 00010110, for n = 4 is 0000000100010110 and so on. Therefore, the

2"").

n
teléia madche characterizes the one-to-one correspondance: N $ 22(
i=1

$. . '
So, we can represent it in L as g# 2(2 )[x]pl E pxi.

=1

10
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Galen3.))* (0 p+, - [=EllipZsMtke]

The Galen’s . ))* (0 p+, - is true only in the cases where one and
only one argument is true and the remaining are false, or all the arguments are
false. Therefore, for n =2 the matricial transposition of its truth table is 0111,
for n =3 it is 00010111, for n = 4 is 0000000100010111 and so on. Therefore,

the Galen’s §llip@w maxh  characterizes the following one-to-one

n
2i"]
correspondance: n $ #2( )+1. So, we can represent this polyadic
i=1

$. . '
connective in L as g# 2( ) +1X] p ... pxi.

=1
Sequence I mplication

The sequence implication is a connective of n arguments, for n at will,

which has the form pq #(pp #(... #pp )...)) therefore, for n =2 the matricial

transposition of its truth table is 1011, for n = 3 it is 10111111, for n = 4 is
1011111111111111 and so on.

Therefore, the sequence implication characterizes the following one-to-

), e

one correspondance: n$ 2

as ﬁé@(zx) w1 oA E p £

. So, we can represent itin L

Converse Sequence | mplication

The converse sequence implication is a connective of N arguments, for n

at will, which has the form pp #(pp -1 #(... #p1 )...)) therefore, for n=2 the

11
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matricial transposition of its truth table is 1101, for n= 3 it is 11110111, for n
=4is1111111101111111 and so on.
Therefore, the converse sequence implication characterizes the one-to-
2n n-1 —l
one correspondance: n $ 2( )- 1 - 2( ) So, we can represent the

converse sequence implication in L in the following form:

(Z(ZX) _1- 27, px).

Polyadic Equivalence

The equivalence is the logical sum of the polyadic and with the polyadic
nor; therefore, for n =2 the matricial transposition of its truth table is 1001,
for n=3 it is 10000001, for n =4 is 1000000000000001 and so on.

Therefore, the polyadic equivalence characterizes the one-to-one

2"y
correspondance: n $ 2( )+ 1 . So ,we can represent polyadic equivalence

in L in the following form: (2(2 & +1X] p ... px).

Chain Implication

The chain implication is a connective of n arguments, for n at will,

which has the form (pj #p2 )! (p2 #p3)! ...! (Pn-1#pn ) therefore, for n=
2 the matricial transposition of its truth table is 1011, for n= 3 it is 10001011,
for n = 4 is 1000000010001011 and so on. Therefore, the chain implication

n .
21 )
characterizes the following one-to-one correspondance: n $ 22( ) So,

i=0

o INL ) -
we can represent the sequence implication in EZ [x]p,E p_ |

i=0

12
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Converse Chain Implication

The converse chain implication is an n -adic connective, for n at will,
which has the form (p ,#p)! (p4#p,)! ... ! (p,#p ) therefore, for n=2
the matricial transposition of its truth table is 1101, for n = 3 it is 11010001,
for n = 4 is 1101000100000001 and so on. Therefore, the converse chain

mL(gma) 42
implication characterizes the following mapping: n $ # 2 =0
i=0

, and

X-1 (2X_l)_i 2]
its possibile representation in L is: EZ = IXIp E p|-

i=0

By generalization from the preceding examples we can

obtain an other metatheorem. In fact, consider the arithmetic sum

of the truth table of the connective %( p E pn)with the truth table

of its negation ~°/(( DD, ) In binary format we have:

0/(( p E pn) ~ 0/(< Pp.. Pn) Arithmetic sum

+

So, it is evident that the arithmetic sum of the truth table of a

n -adic connective with the truth table of its negation is equal to

13
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truth table of the n-adic tautology which has been described
before. By this property and by the preceding conventions we can

affirm:

Metatheorem 3.1. If (m[n]p, ... p, ) is equivalent to the negation

of (InlpE p,), then: (1 modn) + (m modn) = 20*)- 1

Metatheorem 3.2. If (m[n]p, ... p, ) is equivalentto (I[n]p, E p,),

then: (1 mod n)-(m mod n) = 2"~ 1 where mod is the arithmetic

opeation module.
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