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On the Time Logic

Arturo Graziano Grappone
To prof. D. Nardoni

1. Introduction

In this work, to show that we can build a 2-valued time logic
which is valid also in indeterministic worlds, we propose a formal
structure for the time logic and we study its relations with some
E02” and Prior’s results.

2. A Formal Integer Number Theory

In this section we define a formal structure S which can
represent the non-negative integer number theory.

Consider the following set of symbols: 0, 1,..., =, (,), ¥, 3,
B’ JT’ +’ Kl )’1, seey yn’ cees LAV, D, =

Call 0 the individual constant zero. Call “=" 2- adic identity
predicate (read it “... is equal to ...”). Call “B” 1-adic successor
function (read it “the successor of ...”). Call “m” I1-adic
predecessor function (read it “the predecessor of ...”).Call “+” 2-
adic sum function (read it “... plus ...”) Call *“-” 2-adic product
function (read it ““... multiplied by ...”). Call x,variable. Call = 1-
adic connective not, A 2-adic connective and, v 2-adic connective
inclusive or, > 2-adic connective implication, = 2-adic connective
equivalence.

Put that variables and O are terms. Put that if T,, T,are
terms, then Bt,, T, T,+ T,, T;* T, are terms.
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Put that if t,, T,are terms, then call <= T,atomic
sententence. If A is an atomic sentence, then A4 and A are

literals. Put that every literal is a sentence. Put that if A and B are

sentences, then —A, AA‘B, Av‘B, A>'B, A="B are sentences.

Call (Vy,) universal quantifier. Call (dy,) existential
quantifier. Call the wuniversal and existential quantifiers
quantifiers. Call y, in (Vy,) and (3y,) variable of the quantifier. If

(Qy,) is a quantifier with variable y, and A is a sentence, then

(Qy,)A is a sentence where we call A scope of the quantifier

(Qy)-

There are not other ways to build a sentence of S.

Put that an occurrence of a variable y, in a sentence A4 is
linked iff it is in the scope of a quantifier which has the same
variable. Put that an occurrence of a variable y, in a sentence A is
free iff it is not linked. Call the term T, free for y, in A iff no
occurrence of y, in A is in the scope of a quantifier whose variable
isinT,.

Put the following abbreviations where n and m are natural
numbers. Let:

AAB be =( A>—~'B),
Av‘B be —A>B,

=B be =((A>B)>~(‘BoA)),
(Fy)A  be =(Vy,) -4,
Yu<Ym  be @y (y,=0Ay,+y,=V,,),
n be B...n times... B0,
-n be T...n times ... 0.
m-n be m+(-n)
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Put the following axiom outlines:

Al: A>(BoA),

A2: (AD(BoC))>((AXB)>(A>C)),

A3: (=Bo—A)>((~Bo>A)>B),

A4: 1If tis aterm free for y, in A(y,), then (Vy,)A(y,)>A(T),

AS: If A does not contain free occurrences of y, then
(Vy(ASB)>(A(Vy,)B).

Put the following axioms:

Sl: )’1=)’1’

S2: yi=y,0on=ys

S3: yi=y,0(=y30y1=Ys),

S4: y,=y,0By,=By,,

S50 yi=y 2 HYs=YtysAYs Y =YstY),
S6: yi=y0(0Ys=Yr Vs AYs Vi=Ys Vo),
S7: By, =By,0y,=y,,

S8:  y,=By,=y,=my,

S9: Ay (y,=By,),

S10: y,+0=y,,

S11: y,+By,=B(y,+y,),

S12: y+wy,=m(y,+y,),

S13: y,-0=0,

S14: y,-By,=B(y; y.)+ys,

S15: y, 1ty,=m(y,"y,)+ys.

Put the following inference outlines:

MP: ‘B is deducible from A and A>'B,
Gen: (Vy,)4A is deducible from A.

The formal theory S is adequate to represent the
integer number theory. We let the proof to the reader.
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3. The formal theory V

Consider the ordered set of infinite integers such that the
first n places (where n is a natural number) are occupied by
integers which can be distinct among them and the last infinite
places are occupied by the same integer. Put them as individual
constants.

Put the variables zy , ...,z , ....

Let A, B, C, D, E, F be individual constants.

If Aisequalto m,...,n,p,p,p,... and B isequal togq,
.. F 8,8, S, ..., then:

BA is Bm, ..., Bn, Bp, Bp, Bp, ... ;

A s m, ..., N, AP, P, TP, ... ;
A+Bism+q,...,n+r,p+s,p+s,p+s,...;
A-Bism-q,...,n-r,p-s,p-S,p-S,...;
A-Bism-q,...,nr,ps,ps,p-s,...;

AB ism,...np,q,...1r.85S,...;

(AB is A, B.

A=B ism=q,..,n=r,p=s,p=s,p=s,....

A<B is (A=m,C A B=n, D A m<n)v(A=C,D A D=E,F A C=E A D<F)

The variables and the individual constants are terms. If A
and B are terms, then BA, TA, A+ B, A- B, A- B, (A)B are terms.

If A and B are terms, then A = B and A < B are atomic
sentences. If 4 is an atomic sentence, then A and —‘A are litterals.

Put that every litteral is a sentence. Put that if A4 and B are

sentences, then A, AA‘B, Av‘B, A>B, A='B are sentences.
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Call (Vy,) universal quantifier. Call (dy,) existential
quantifier. Call the wuniversal and existential quantifiers
quantifiers. Call y, in (Vy,) and (3y,) variable of the quantifier. If

(Qy,) is a quantifier with variable y, and A is a sentence, then
(Qy,)A is a sentence where we call A scope of the quantifier

(Qy,)-

There are not other ways to build a sentence of V.

Put that an occurrence of a variable z, in a sentence A is
linked 1iff it is in the scope of a quantifier which has the same
variable. Put that an occurrence of a variable z, in a sentence 4 is

free iff it is not linked. Call the term T, free for z; in A iff no
occurrence of y, in A is in the scope of a quantifier whose variable
isinT,.

Put the following abbreviations. Let:

AArB be =( A>~B),
AvB be —A>B,
=R be =((A>B)o>~(‘BoA)),
Qy)Aa be =(Vy,) -4,
2,>Zn be Zn<Zys
2,52y, be &= ATy <
ZnZZm be Zn=Zm AZn>Zm’

Put the following axiom outlines:

Al: A>(BoA),

A2: (A>(BoC))2((A>B)>(A>0)),

A3: (=Bo~A)>((-B>A)>B),

A4: If tis aterm free for z, in A(z,), then (Vz,)4A(z,)>4A(T),

AS5: If A does not contain free occurrences of z
(Vz,)(A>B)>(A>(Vz,)B).

then

no
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Let (0, ...) be a set of infinite 0. Put the following axioms:

S1: 1=41s

S2: 21=29%=2y,

S3: 2;=2,2(2,=2522,=23),

S4:  z,=z,0Bz,=Bz,,

S5 2=2,2(2)+2:=2,+23A 23 +2,=23+2,)
S6:  2,=0,2(2)' 23722 %3 A %' 2125 20)s
S7: BZ] =322322=ZI s

S8:  z,=Bz,=z,=mz,

S9: (Az)(z,=Bz,),

S10: z,+0=z,

S11: z,+Bz,=B(z,+2,),

S12: z,+77,=1(z,+2,),

S13: z,-0=0,

S14: Z]'BZZ=B(Z]'22)+ZZ’

S15: z,7z,=1(2,°2,)+2,-

Put the following inference outlines:

MP: ‘B is deducible from A and A>'B,
Gen: (Vz)4 is deducible from 4A.

4. A Formal Theory for the First Order Predicative Calculus

In this section we define a formal structure K which can
represent the first order predicative calculus.

Consider the following set of symbols where A and B are
terms at will of V and m and n are natural numbers:

0 m
i
v Apy L AB, L, O A Xy e X

a, ....a no
L, ALV, D, =,

ns * no

Call a, individual constant. Call As m -adic predicative

letters. Call A;(\) sentential variables. Call f)' m -adic functional
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letter. Call x, variable. Call = 1-adic connective negation, A 2-adic
connective and, v 2-adic connective inclusive or, D> 2-adic
connective implication, = 2-adic connective equivalence.

Put that a, and x, are terms. Put that if t, ..., T, are terms,
then f'(t,, ..., T,) 1s a term.
Put =, ..., T, are terms. So Aa(t,, ..., T,) IS an atomic

sententence. If A is an atomic sentence or a sentential variable,
then A and -4 are literals.
Put that every litteral is a sentence. Put that if 4 and B are

sentences, then A, AA‘B, Av ‘B, A>B, A='B are sentences.

Call (Vx,) universal quantifier. Call (3Ix,) existential
quantifier. Call the wuniversal and existential quantifiers
quantifiers. Call x, in (Vx,) and (Ix,) variable of the quantifier. If

(Qx,) is a quantifier with variable x, and A is a sentence, then

(Qx,)A is a sentence where we call A scope of the quantifier

(Qx,).

There are not other ways to build a sentence of K.

Put that an occurrence of a variable x, in a sentence A is
linked 1iff it is in the scope of a quantifier which has the same
variable. Put that an occurrence of a variable x, in a sentence 4 is

free iff it is not linked. Call the term <, free for x, in A iff no
occurrence of x; in 4 is in the scope of a quantifier whose variable
isinT,.

Put the following abbreviations. Let:

AANB be —( A>—B),
AvB be —A>B,

=B be ~((A>B)>(BoA)),
@Ax)A  be ~(Vx,)-4,
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Put the following axiom outlines:

Al: A>(BoA),

A2: (AD(BoC))>((AXB)>(A>C)),

A3: (=Bo—A)>((~Bo>A)>B),

A4: 1If tis aterm free for x, in A(x,), then (Vx,)A(x,)>A(T),

AS: If A does not contain free occurrences of x,, then
(Vx,)(A>B)>(AS(Vx,)B).

Put the following inference outlines:

MP: ‘B is deducible from A and A>’B,
Gen: (Vx,)A is deducible from A.

The formal theory K is adequate to represent the first order
predicative calculus. We let the proof to the reader. See also
Mendelson [Mendelson, 1964].

5. A Time Logic for K
Consider a formal structure T which we obtain in the
follwing way. Put in T all the terms and the sentences of K and V.

Put that they are theorems in T iff they are theorems in K and V
respectively.

Put that if A and ‘B are sentences, then =A, AAB, Av‘B,
‘A>B, ‘A="B are sentences.

Call (Vx,) universal quantifier. Call (3Ix,) existential
quantifier. Call the wuniversal and existential quantifiers

quantifiers. Call x,in (Vx,) and (3x,) variable of the quantifier.

The following affirmations on x, are true also for z,,.
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If (Qx,) is a quantifier with variable x, and A is a sentence,

then (Qx,)4A is a sentence where we call A scope of the quantifier

(Qx,).

Put that an occurrence of a variable x, in a sentence A is
linked iff it is in the scope of a quantifier which has the same
variable. Put that an occurrence of a variable x, in a sentence 4 is
free iff it is not linked. Call the term T, free for x; in A iff no

occurrence of x; in 4 is in the scope of a quantifier whose variable
isinT,.

Put the following abbreviations where n and m are non-
negative integer numbers and A, B, C and D are terms of V. Let:

(An)s be A,

(A28 be A'pg,

(A'A(t,, ..., T,))8 be Aws(t,, ..., T,),
((Qx,)A)a be (Qx,)(An),
(=A)a be —(An),

(‘A>B)a be An>Ba,

(AAB)a be AxnBa,
(AvB)a be Aav Ba,
(A=B)a be Ax="Ba,

(An)s be App.

Put the following abbreviations. Let:

ANB be —( A>~B),
Av‘B be —A>B,

=B be ~((A>B)>~(BoA)),
Ax)A be =(Vx,)-4,
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Put the following abbreviations where n is a natural

number. Let:

14
>A

be A,
be -[1-4,

Put the following abbreviations. Let:

A<B
A="B
‘A="B
A<B
A>B

AAB

be (A=Ca)A(‘B=Dp)A(A<B),
be (A=Ca)A(‘B=Dp)A(A=B),
be (A=Ca)A(B=Dp)A(A=B),
be (A=Ca)A(‘B=Dp)A(A<B),
be (A=Ca)A(‘B=Dp)A(A>B),
be (Vz)(A, =B.),

Put the following axiom outlines:

Al: A>(BoA),
A2: (AD(BoC))>((AXB)>(A>C)),
A3: (= Bo~A)>((~Bo>A)>B),
A4: If tis aterm free for x, in A(x,), then (Vx,)A(x,)>A(T),
AS: If A does not contain free occurrences of x,, then
(Vx,)(A>B)>(A(Vx,)B).
Put the following axiom outline:
T1: A>Ag
Put the following inference outlines:
MP: ‘B is deducible from A and A>B,
Gen: (Vx,)A is deducible from A.
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Give the following semantic interpretations. Let:

14 be “A is true always”,

>A be “A is true sometimes”,

A<B be “A is before of or contemporary to B”,

A=B be “A is after of or contemporary to B”,
=B be “A is contemporary to ‘B”,

A<B be “A is before ‘B”,

A>B be “A is after ‘B”,

AAB be “A during B”,

As be “A true in the time interval B”.

4. The E03’ Time Logic.

J. £o3 built the first axiomatic system of the time logic in
the year 1947. He considered a first order predicative calculus
with identity to wich he added nine axioms and an inference
outline. By using the standard sentential symbolism - see Pizzi
[1974] - we can write these nine axioms in this way:

R1: R¢—-p =-Rip,

R2: Rt(poq)>(RtpoR1ig),

R3: Ru(((p>g)>(gor)>( pog)),

R4: Ri(po(=p>q)),

R5: Re((=pop)op),

R6: VRipop,

R7: ViVn3r'VpR(t+n)p=Rt'p),
R8: ViVnIt'Vp(R(t'+n)p=Rtp),
R9: VaApVr'(Rt'p=(Vq)(Rtg=Rt'q)).

Obviously p and g have to be interpreted as sentential
variables, R as a dyadic operator which can be read “is satisfied

29 ¢

at”,

29 ¢

is true at”, “is realized at”, ¢ and ¢' as terms of V.
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To represent the £os’ time logic in T, put the following
abbreviations in T, Let:

RA be Asr ,for A equaltor.
VIRrA be [1A.

We proof that R1, ..., R9 are theorems of T.

Theorem 4.1: R/ is a theorem of T.

Proof:
=A)=-(4) abbreviation,
R—A =—RtA abbreviation.

Theorem 4.2: R2 is a theorem of T.

Proof:
(A>B)>(A>B,) abbreviation,
R#((A>B)>(RtADRtB)) abbreviation.

Theorem 4.3: R3 is a theorem of T.

Proof:
(ADB)>(BoC))2(ASC) theorem,
R#(((‘AoB)2(‘BoC))o(AxC)) abbreviation.

Theorem 4.4: R4 is a theorem of T.

Proof:
(A>~A)>B, theorem,
R#((A>~A)>B) abbreviation.
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Theorem 4.5: R5 is a theorem of T.

Proof:
(—ADA)DA, theorem,
R#((-A>A)>A) abbreviation.

Theorem 4.6: R6 is a theorem of T.

Proof:

A>A theorem,
[T1A>A abbreviation,
VRA>A abbreviation.

Theorem 4.7: R7 is a theorem of T.

Proof:

YV n3t'(t+n=t") theorem,
ViVnar'(4,,=A,) theorem,
ViVn3r'(R(t+n)A=Rr'A) abbreviation,

A is a generic sentence, thus is freely replaceable. Let the universal

quantification of 4 mean that A is freely replaceable. So, we can write:

ViV nar'VAR(t+n)A=Rt'A) abbreviation.

Theorem 4.8: RS is a theorem of T.

Proof:

YV n3e'(t'+n=r) theorem,
ViVnar'(4,,=2) theorem,
ViVn3r'(R(t'+n)A=RtA) abbreviation;

A is a generic sentence, thus is freely replaceable. Let the universal

quantification of 4 mean that A is freely replaceable. So, we can write:

ViVnar'VAR(t'+n)A=RtA) abbreviation.
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Theorem 4.9: R9 is a theorem of T.

Proof:

(‘B=B,)=(B=B,) theorem,

t=h,t always possible by definition in V,
(‘B,.,=B,)=(B=B,) theorem,

(B,=B),=(B=B,) abbreviation.

The sentence A,=(B=B,) becomes a theorem only when we substitute some
sentences, e.g. ‘B,=B for 4, but it is not a theorem in general. Instead, for
opportune substitutions of A (for inst. B,=B), we can substitute A freely. Let
the universal quantification of a sentence A mean that A is replaceable freely.

Let the existential quantification of a sentence A mean that 4 is replaceable by

some sentences. So, we can write:
A4(A,=(B=B,)) abbreviation.

Observe also that the choise of A depends from ¢ but not from #' (e. g. B,=B
contains the index &4 which is part of the couple 4, ¢' that corresponds to ¢ but
it does not contain '), therefore the scope of the existential quantifier of . has

to be contained in the scope of the universal quantifier of ¢+ and it has to
contain the scope of the universal quantifier of #' . So we can write:

VAAV: (A,=VB(B=B,)) abbreviation.

As R1, ..., R9 are theorem of T, the Lod’s time logic is a sub-
logic of T and the £02’s operator R is a time connective of T.
S. A Prior’s Time Logic

Since 1953 A. Prior obtained various results. We consider
one of the formal structures studied by him. Call with Mc Taggart
A-series the time series “past - present - future” and B-series the
time series “before - after”. Prior distinguishes four time
involvement degrees whose relations between the A-series logic
and B-series logic are representable.
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5.a First Time Involvement Degree.

A formal structure to represent the first degree can be
obtained by adding to the first order predicative calculus with
identity these two axioms:

URI: Rt =p ==Rp,
UR2: Rt(pog)>(RtpoR1g),

and these four abbreviations; let:

RtFp be Ar'(Utt'ARt'p) (URF),
RtPp be Ar'(Ur'taRt'p) (URP),
Gp be =F-p,
Hp be —-P-p,

Obviously p and g have to be interpreted as sentential
variables of the standard sentence logic and # and t' as time
numeric measures. Prior distinguishes the sentences of his time
logic in tensed sentences and untensed sentences. The sentential
variables are tensed sentences. If ¢ and 1 are tensed sentences,
then oy, =@, Fp and P are tensed sentences. The operators G,
H and the connectives =, v and A are introduced by using the
previous abbreviations. =t' and U#t' are untensed sentences. If @
is a tensed sentence, then Rtp is an untensed sentence. If o and
[ are untensed sentences, then oof, -, Vo are untensed
sentences. It is not possible to have mixed sentences as “RtUtt".

To represent the Prior’s time logic in T, put the following
abbreviations in T, Let:

Utt' be t<t',where ¢t and ¢' are terms of V,
t=t' be t=1t', where ¢t and ¢' are terms of V,
Yo be [To, when a is a sentence of K.
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We proof that UR1, UR2 are theorems of T.

Theorem 5.1: URI is a theorem of T.

Proof:

For identity with the theorem 4.1.

Theorem 5.2: UR?2 is a theorem of T.

Proof:

For identity with the theorem 4.2.

As UR1, UR2 are theorems of T, the first time involvement
degree of the Prior’s time logic is a sub-logic of T and the Prior’s
operator R is a time operator of T. Give the following semantic
interpretations. Let:

Utt'

Rt Pp
Rt Fp
Rt Hp
Rt Gp

In T we can put the following interpretation where (0, ...

be
be
be
be
be

“the time interval ¢ is before ¢' ”,

“p is true in some time interval before 7 ”,
“p is true in some time interval after ¢ ”,
“p is true in every time interval before ¢,
“p is true in every time interval after ¢ .

the known individual constant of V. Let:

be
be
be
be
be
be

“p is true in some time interval before O, ...
“p 1is true in some time interval before O, ...
“p is true in every time interval before O, ...
“p is true in every time interval before O, ...

Lép now”’
R(0,...)p.
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Obviously:

R(O,...)Pp be Pp,

R(O,...)Fp be Ep,

R(,...)Hp be Hp,

R(,...)Gp be Gp,

Pp be (3z,)((z,<0)A(p=Rz,p)),
Fp be (3z,)(z,>0)A(p=Rz,p)),
Hp be (Vz,)(z,<0)A(p2Rz,p)),
Gp be (Vz,)(z,>0)A(p2Rz,p)),
RiPp be (Jz,)((z,<)A(p=Rz,p)),

RiFp be (Jz)((z>)A(p=Rz,p)),

ReHp be (Vz,)(z,<OA(Pp2Rz,p)),
R:Gp be (Vz,)(z,>DA(p2Rz,p)).

5.b  Second Time Involvement Degree.

To represent the second time involvement level of the
Prior’s logic we add to the structure of the previous sub-section
the following three axioms:

UR3: VRitpop,
UR4: VRtpoR:'VRp,
URS: RzpoR¢Rip,

and the inference outline:

RT: o — —Rro.

Put the following abbreviation. Let:
Lp be I1p.

We proof that UR3, UR4, URS are theorems of T.
Theorem 5.3: UR3 is a theorem of T.
Proof:

For identity with the theorem 4.6.
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Theorem 5.4: UR4 is a theorem of T.

Proof:

[TAXTIA), axiom outline T1.

Theorem 5.5: UR)5 is a theorem of T.

Proof:
AD(A,), axiom outline T1.

We proof that RT is an inference outline true in T:

Metatheorem 5.1: RT is an inference outline true in T.

Proof:

Aa hypothesis,

A>A, axiom outline T1,
A, for MP,

A, is deducible from A deduction theorem.

As UR3, UR4, URS5 are theorems of T and RT is an
inference outline of T, the second time involvement degree of the
Prior’s time logic is a sub-logic of T.

5.c  Third Time Involvement Degree.
To represent the third time involvement level of the Prior’s
logic we add to the structure of the previous sub-section the

axiom:

A6: Rit'st=t'.
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By the previous interpretation of R in the sentence Rt A, the
semantic interpretation of Rzz' is the following:

R#t' means “the time interval 7 is placed in the time interval ¢'”,
but this fact is true iff ¢ is identical with ¢'. Hence, we can use A6
as an abbreviation in T; therefore also the third time involvement
degree of the Prior’s time logic is a sub-logic of T.

5.d Fourth Time Involvement Degree.

To represent the fourth time involvement level of the Prior’s
logic we add to the structure of the previous sub-section the
axiom:

URG: Utt' v Ut't v t=t"

Theorem 5.6: URG is a theorem of T.

Proof:

It is a theorem of V.

Therefore also the fourth time involvement degree of the Prior’s
time logic is a sub-logic of T.

5.e  Some considerations

Remember that Lp is [Ip. As ¢ is a term and p a sentence,
we do not accept formulas as top differently from Prior.
Consequently we refuse all Prior’s theorems that contain similar

formulas. We can accept as abbreviations Prior’s theorems as:

Utt'=RtFt!,
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but we do not accept theorems as:
Art;

finally, we put a distinction between time intervals which for us
are terms and indexes (obviously, as people can deduce easily
from the previous sections, we consider the indexes in T as
particular terms) and the sentences. We cannot affirm a term but
only a sentence and only sentences can be arguments of the
connectives and the scopes of quantifiers.

6. Future and Determinism

The greatest objection to the examined Prior’s logic is that
its theorem:

poHFp,

that means “if p is true, then it has been true always which p will
be true”, is not an affirmation metaphysically neutral because it
would imply a deterministic world. To obtain a time logic, which
is neutral from a metaphysical standpoint, various solutions have
been proposed. In particular, Prior proposed a three-valued logic
where the third value is of the indeterminate future sentences.

In T we must distinguish the sentence A, which is the
abbreviation of []4, from the sentence NWA.

In the former case we have:

A-HF4A,
and, for abbreviation,
[1A-HFA
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that means “if A is true always (i. e. in every time), then it has

been true always that A will be true” which is true either in a
deterministic world or in an indeterministic world.

In the later case we have:

NWZASHFA,

which means “if 4 is true now (i. e. in this instant), then it has

been true always that A will be true”. In effect this sentence is true

only in deterministic worlds, but it is not a theorem of T.
Anybody could consider the sentence:

NWZA-5HFNW4,
which is a theorem of T, but, by considering its abbreviation:
TINWA-oHFNW4A,

we understend quickly the neutral nature of this affirmation for
the determinism question.

We can conclude that T is neutral for the determinism
question.

7. Conclusion

This is only a first study on some questions in time logic for
building a bivalent time logic. Surely, it is incomplete and some
parts will be changed in future for various imperfections or,
perhaps, mistakes. However, we hope to have demonstrated that
the time logic for the indeterministic world can be also 2-valued.
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