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1. Introduction

In this paper we study some results tha we can obtain by
applying the information entropy to study the standad sentence
logic (SSD. The mog important of them is tha any interpretation
of the standad sentence logic is non-contradictory when only a
finite non-null number of SSLformulas are interpreted as conaete
propostions with a well defined truth value, necessarily some
ones as true, some ones as false. A conequence of this result is
tha al the mathematical propostionstha contain numbers with
infinite digits are contradictory. This fact has relevant implications
to clarify the relations beween Matte Blanco's bi-logic and the
ordinary numerical calculus

2. Information Entropy
The information entropy H is the measure in bit of the

information which any message contains and which is defined in
thisway:
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where n is the nunmber of possible events which the message
could describe, p, the probability to obtain the h-th possible event.
We clarify by two examples:

Example 2.1

Consider the money throwing. We want calculus the entropy which the
knowledge of its result contains. There are only 2 possible events (heads or

1
tails?) and they have the same probability equal to 5. Therefore we have:
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Therefore the information unit (the bit ) is equal to knowledge of which event
happens between two possible events which have the same probability.

Example 2.2

Consider the throwing of a die. We want calculus the entropy that the
knowledge of its result contains. There are only 6 possible events (1, 2, 3, 4, 5,

1
6) and they have the same probability equal to -5~ . Therefore we have:

0/6" | (
=- (0] 2.58
$ gzég((
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If the possible events tha a message can describe have not
the same probability, then the information of this messageis less
than when these possible events have the same probability. We
clarify by an example:

Example 2.3

The knowledge of which between two possible events of equa
probability happensis equal to 1 bit of information. If the two events have not
the same probability, but the probability of the former is 0.7 and the probability

of the latter is 03, then H = - ((0.710gz (07) +0.310g2(03)) ( 0.8813
which isless than 1.

If the possible event that a message can describe is one (or if all
the other events have probability equd to zero), then the entropy
of this messageis zero.

3. Bi-logic

The fundamental characteristics of the psychiatric diseases
are explained by the Matte Blanco's symmetry prindple which we
formulate in this way: in the psychiatric diseases some
asymmetric relations become symmetric (e. g. @eter drinks the
water' becomes equivalent to (The water drinks Peter') and
sometimes the asymmetric relation Gdongs to' becomes the
symmetric relation @s equd to' (e. g. apsychotic thoughtis: Peter
is a boy', ® am a boy', hence @ am Peter', i. e. the propostions
(Peter is a boy' = @Peter bdongsto the boy set' and @ am a boy' =
@ bdongto the boy set' become (Peter is equd to the boy set' and
@ am equd to the boy set' respectively by the symmetry prindple
and permit theconduson @ am Peter').

If we apply thesymmetry prindpleto al therelationsof any
algebraic structure, the this one becomes a set with only an
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element on which only the identity relation is put al the distinc
elements of the algebraic structure are consdered identical, al the
distinct relationsof the algebraic structure are considered equd to
identity relations

Consde a partia application of the symmetry prindple in
any agebraic structure. Only some distinct elements become equd
among them and only some asymmetric relations become
symmetric. In according with Matte Blanco call any algebraic
structure with a patia application of the symmetry prindple bi-
logic structure and call bi-logic the genera theory of the bi-logic
structures. The mog typical bi-logic structure is the freudian
unoongious butwe can individuae a so other bi-logic structures.
We give an example:

Example 3.1:

An increase of the calculus inexactness in any computer provokes the
unification of distinct numbersinit (e. g. if we go from the three decimal digit
approximation to two decimal digit approximation, then the distinct numbers
0.312 and 0.314 become both 0.31). Therefore we can obtain the calculus with
two decimal digit approximation by partial application of the symmetry
principle on the calculus with three decimal digit approximation. In general a
calculus with n decima digit approximation is a bi-logical structure which is
obtained by partial application of the symmetry principle to the calculus with
n+l decimal digit. Hence every numeric calculus with a finite number of
decimal digit of approximation is a bi-logical structure.

4. Axiomatic Formal Theories

An axiomatic formal theory S is defined when the followi ng
condictionsare satisfied:

1) Thereis an at most countble set of $ symbols S\(S).
2) There is the set of the finite sequence of § symbols EX (S)

which we call § expression set.
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3) There is a subst WFF(S) of EX(S) which we call S well
formed formula set.

4) Thereisan agorthm AVVFF(S) such tha if we apply it to aS
expression [an element of EX(S)], then its result shows if this
expression beongsto VVFF(S).

5) There is a subset AX(S) of WEF(S) which we call S axiom
Set.

6) There is an algoritm AAX(S) such that if we apply it to a S
well formed formula [an element of VVFF(S)], then its result
showsif this expression bdongsto AX(S).

7) Thereis afinite set of relationsINFER(S) in which for every

itselement R, thereisapostiveinteger j such that, for every set
of j well formed formulas (abbreviate wifs) SWand for every well

formed formula (abbreviate wff) A,, we can know if SW and Ay
areinrelation R aways.
A S demondration (or S proof ) is afinite sequence of S

wffs such tha every its wff or is a S axiom or isin relation R
with a set of wffs which precede in the sequence, where R, is an

elemente of INFER (S).
A S theorem isthelast formulaof aS demongration.

A S demondration of awff A, fromaset ANTEC of wifs
{Aq E. A} isafinite ssquence of S wifs such that its last wff

is A, and every other itswff orisa$ axiom, oritisin relation
R.with a set of wffswhich precede in the sequence, where R,
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is an elemente of INFER(S), oritisan element of ANTEC. If
there is a prof of awff A, fromaset ANTEC of wffs{AO, E,

A.}. then we cal A, SS derivation of
{AO, E, An} andwewrite{Ao, E,A} a Aginparicular, if
A, isa$ theorem ora S axom then wewrite) a A, or,

shottly, a A,
5. Standard Sentence L ogic (SSL ) asFormal Theory

Definean axiomatic formal theory P such tha:
1)sYP)={AE, ALE A E.()}
2) Theagoritm AWFF(P) is so defined:

239 Ay, E , A  are wffs;

2b)if A isawff, then AA isawff;

20) if A and B arewffs, then (A E B) isawff;

2d) an expression of P isawff if and only if we can apply to
it the case 2g) or thecase 2b) or the case 2¢).

3) Thealgoritm AAX(P) is so defined:
if A, B, Carewffsof P, then thefollowing expressonsare
axioms of P:

3) (A= (B~ A));

3") (A (B~ O) (A~ B)- (A~ O));

3") ((AB+AA)-((AB+A)-B)).

4) Theonly relation which beongsto INFER(P) isthefollowing:

{A<B,A a B} wheeA andB arewfs.
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If A and B are wifs, then put in P the following
abreviations
*) (A+B) abbreviates A(A+ AB):;
*) (A, B) abbreviates (AA)- B:
»x) (A-B) abbreviates (A+ B)+(B+ A)).
Call thesymbols A, =, +, , , - connectives and the symbols
A, E A, E atomic sentences.
Interpretate A,, E, A,, E as SSL atomic sentences, A as

not, * asif E,thenE , + asand , asindusuveor, - asE if
andonly if E in SSL We obtain a complete representation of the
standard sentence logic SSL [Menddson, 1964 .

6. SSL asInterpreted Boole's Algebra

LetB={xy,z E} anonempty set, f afundionfromB
to B, andg afundion from B* to B. Write x " ingtead of f (x), x
.y ingeadofg(x,y).

<B, f,g > isaBoole'salgebra if and only if thefollowing
provisosare satisfied forevery x,y,z inB:

1 x.y=y. X
29 (xI'y).z=x.((yl z),
39 x.x'=z.z' iff x.y=x

Put thefollowing abbreviationsfor every x,y inB:

1b) xO0y =4 XV,
2b) x!ly =4 X. Yy =X

We let proof to thereader that for every x,y inB:

1o x.x'=y.y"
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Putin gened:

1d) x. x'=0,
2d) 1 =0"

We let proof to thereader tha for every x,y inB:

lee xO0x'=1,
2e) ! isareflexive patia order onB,
3¢ <B,f,1> isaBoolesagebra

Defineideal in <B, f,g> anonempty subst J of B such
tha:

1f) x2J and y2J imply x0y2J],
2f) x2J and y2B imply x.y2J

We let prooftothereader tha {0} andB areidedls. Precisely
{0} is atrivial ideal, and B is an imprope ideal. An ideal
distinct fromB iscalled prope.

A prope ided is maximal when it is not induded in an
other prope ideal. We let prodf to thereader tha for every x in
B:

1g) Jisamaximdided iff x2J or x'2J,
2g) Every prope ideal isinduded in amaximal idesl
(congder thechoice axiomE) .

If we put a correspondence between the wffs of P and the
elementsof <B, f, g > inway tha:

1h) A/ xiff AA/ x',
2h) A/ x and A/ vy iff A+B/ x.y,

then we have tha:
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1) a Aiff A/ 1,
2) a AA iff Al O

Thisresult is a variation of the Kalm™r's completeness theorem. It
shown tha SSL is a Boole's algebra and therefore it permitts usto

use the standad Boolean calcule to proof the P theorems. To use

it we chose thefollowing rules:
1l ) we represent in the tautology calculus any atomic

sentence A which is putin an other sentence with m and only m

distinct atomic sentences with a Boolean fundion (the A, truth
table) such tha:

2 tlmaﬁ m

n +1 t|mes
2 tlmeﬁé

A, is a SSL wif with 1 distinct atomic sentence A, So A represents

Example 1

8.0 1

132 tim 2 _ 1
o+1 times=q .

E52 tlmesg

Example2

Ag+A; is a S wif with 2 distinct atomic sentences Ay, A, So A

and A | represents

1
OrOpRr

14
ESo 4
18 2
represents g SE. times
ES
3
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2l) we represent every SSL connetive by a Boolean
opeation, in particular we put

- and(+) correspondsto E . E and:
1"1 =
1"0 =
0"1 =
0"0 =

o O O -

- orindusuve (, ) correspondsto E O E and:

1"1 = 1
1"0 = 1
0"1 = 1
0"0 = 0

- implies (+) correspondsto E' 0E  and:

11 =1
10 =0
01 = 1
00 =1
- not (A) correspondsto E' and:
Al = 0
Ao = 1

-ifandonlyif (-) correspondsto (K"# K )$ (K # K ") and:

10
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1"1 =1
1"0 = 0
0"1 =0
o"0 =1

In the tautology calcule for every SSLtheorem a A, A
corresponds always to a Boolean fundion which contains
only the Boolean value 1, so we cal A tautology; ingead if

a AA, then A correspondsalways to a Boolean fundion which

containsonly the Boolean value 0, so we call A contradiction. If

a SSL wff is ndther a tautology nor a contradiction (its
correspondent Boolean fundionscontainseither some occurrences
of 1 orof 0), thenitisaneuter formula.

7. Informatic entropy in Standard Sentence L ogic

The tautology caculus pemits us to evauae the
information entropy of the SSLwffs. In fact a determined Boolean
fundion, in which there are occurrences of 1 andlor of O,
corresponds to every wiff. We can caculate the information

entropy H(A) of agiven wff A by calculating the probabilities of

0 andof 1 to occurin its correspondent truth table. We clarify by
some examples:

Example 7.1

18 ,
Elgz times
Every atomic sentence An corresponds to truth table ¢ g in which O
ZE N
E 22 times
08
and 1 are the only possible values and they have the same number of
occurrences. It is the same case of the throwing of amoney. Therefore:

11
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/ 1 % # 1 #188 1
H(An)_ $_|09ng |092§2 = % |0g2§((—- 2 E —1|=
1 bit.
Example 7.2

H(ALA) - »%6; Shlon.gt 7 log. g0

% “#2+§"#0.4152( 0.811 bit.

Example 7.3
Fe 3 3% L 1%
H(A,, A, = =-$log,$—' +—
(A, Ag) H#%éo ﬁzogzg‘l& 24&5_
%3, Lo, |
§r #0.415+ —"#2)( 0.811 bit.
% 27
Example 7.4
H(A-A,) I 00,55 4 Llog,s2 = - 03" Llog ik
- =H - —
1 () #?_é, $_ 09222& 2 09222&5_ ngég((
$
- §2 = #l = 1 bit.
Yo 2 2
Example 7.5

H (A +AA )= H%é $—|092240/3-ﬂ|092§4 &( (0"#+1#0)=0

bit.
Example 7.6
Fe 4% 0 "0
H (Ag, AAg) = i &logzg4 +—Iogz§4 < (1"#0+0"#)=
0 hit.

Thelast two examples show clearly tha H(A) 7 0 iff A isa

12
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neuter formula. We can think tha H(A) is a measure of the
Geutrality' of the wif A. This Geutrdity' is ndl when A is a
tautology (i. e. a SSLtheorem) or A is a contradiction (i. e. the
negaion of a SSLtheorem). 0 < H(A) ! 1 iff A is a neuter
formula. If A is an atomic formula, then H(A) = 1, but also the

entropy of some molecular formulasis equd to 1.

8. Informatic entropy and polyadic connectives

Let A(K) (where k is any postive integer number) be any

ssLwff. /\A(i) is the logica produd of n SSL wffs and

i=0

V A(iisthelogica sumof n SSLwffs. Wewill proof that:

i=0

Theorem 8.1: The logcal produd of infinite formulas non
equivalent among them and the logical sum of infinite formulas
nonrequivalent amongthem are not neuter formulas i. e.:

lim H' A(l)* = lim H' $A(l)* =
o é&| =0 )
Proof:

By definitionof H (A) we obsrve that if m>n, then

Ak & Ak & Ak Ak &
H% A(i)(> H% A()(and H% A(u)(> H% A(i)(. As
i=0 i=0 i=0 i=0
for every postive numbe small at will 8 thereis anaura number

Ab § ]
n such tha Hg$/o A(i)(<8 and H(VA(i))<8, then, for a

i=0 i=0

13
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known rule of mathematical andysis, we deduce our theorem.

0,
Now we can undestand if Ii"n;]ﬁH' A(i)* and
" &i%o
% (
Ii"n;l H' YA (i)* are tautologies or contradictions(i. e. if they are
" &i%o
SSLtheorems or negaionsof SSL theorems).

nunber of 0
In general call O(A) the ratio numba of 7. ©f the truth

table of A. It isevident tha J(A) = 9 iff A isacontradiction and
O(A) = 0iff A isatautology. Put (O(A))™* = 1(A).

1h
Conddea  A(i). In its truth table the increase of n
i=0

) . number of O
provokes the increase of the ratio nunbea of 1 - As for every

postive number great at will 8 there is apositive integer number n

Ab &
such tha 09% A(i)(>8, then, for a known rule of mathematical

i=0

Ab &
andysis, we deduce Iim@% A(i)( =9, wecan affirm that:

i=0

Theorem 8.2: Thelogical produd of infinite non-equivalent
amongthem formulasis a contradiction.

14
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1h
Consder A(i) dso. In its truth table the increase of n
i=0

. _nunmber of 0
provokes the decrease of the ratio hunbe of 1 -AS for every

postive number small at will 8there are a postive integer number

av &
n such tha Jop A(i)(<8 then, for a known rule of
i=0
av &
mathematical andysis, we deduce lim O A()( =0, we can
i=0

affirm that:

Theorem 8.3: The logical sum of infinite non-equivalent
amongthem formulasis a tautlogy.

If we accept the Karngp's interpretation of the modd
connectives (necessity = tautology) , we can affirm also:

8a) if [ JA means @\ is necessary', then | JA abbreviates
O(A) =0;

8b) if "' A means @A is possible (necessary or contingent
), then "' A abbreviatesA[ |AA;

80 if OA means @ is coningent, then OA is the
abreviationof A[ |A +A[ |AA.

We let to reader the various relations which exists among the
fundions H (E), O@E), L(E) and the comectives [ E ,

15
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"e OE .

Consde Maatesta's polyadic connectives:

8d) Sequmceinplicatjon:CSA(i). Itisequd to:

AQ) (AL (A2 (E = (A(n-1) A(M)E) ));

8¢ Chain implication :CCA(i). It is equd to:
AQ) AL)+AQL)X A@)+E +(A(n-1)- A(n));
8f) Conwerse sequence implication: B A(). It is
equd to: A(n)* (A(n-1)- (E * (A(2y (A(L)E));
8g) Conwerse chain implication: B A(i). It is equd to:
(A(n) A(n-1)+E +(A(2) A(1))+(A(1) A(0));
8h) Polyadic equivalence: EA(z) It is equd to:

(A0)- A(D)+AQ)- A)+E +(A(n-1)- A()).
We can affirm thefollowing theorems.

Theorem 8.4: I|m< A(i) isatautology.

Proof:
A0y (A1) (A@r (E (A1 A(n)E) ) =

16
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AA(0), (AA(D), (AFA(2), (E , (AFA(n-1), A(n)E))) =

AA(0), AA(1), AA(2), E , AA(n-1), A(n)
therefore:

P 9 Ak &
lim O A@) =1imOo AA)
<S5 g 7 S '

hence, for thetheorem 8.3, thistheorem istrue, c. d. d.

If A: B =AA, AB, then: istheShédfer's connective.
Define the polyadic Sheffer's connestive |A(i)
i=0

AA(0), AA(1), AA(2), E , AA(n-1), A(n). So:
Theorem 85: lim ©£SA (i), = lim ©§| Ay
n" # s 8 n" # 0 &

Theorem 8.6 lim .C_OCA (i) isa contradiction.
Proof: _
(A(O)y AL)+(AQD) AQR)+E +(A(n-1) A(n)
therefore:

i=0

n n 0/ O/ (

lim O A@). = imOLEEAG) s A +1)*;

n" # C 8 n" # )
i=0

hence, for thetheorem 8.2, thistheorem istrue, c. d. d.

17
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Theorem 8.7: lim B A(i) isatautology.

Proof:
A(n) (A(n-1)+ (E - (A2 (AQrAO)E)) =
AA(Nn), (AA(n-1), (E , (AA(2), (AA(1), A(0))E) ) =

AA(n), AA(n-1), E , AA(2), AA(1), A(O)E
therefore:

nm© BSA(') nm@% AA(l)(

hence, forthetheorem 8 3, thlstheorem istrue c. d. d.

Theorem 8.8: lim BCA(i) isa contradiction.
Proof: )
(A A(n-1))+E +(A(Q* AL)+(A(L)A(0)
therefore:

(
11m© B A(l) —hm© (A(i)#A(i$1))*;
Fl=C )

n—o

hence, forthetheorem 8.2, thlstheorem istrue c. d. d.

Theorem 8.9: lim ECA(i) isa contradiction.
i=0

Proof:
(A0)- A(D)+(A(L) AQ@)+E +(A(n-1)-A(n) =

18
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(AQy AD)+(AD) A@)+E +(A(n-1) A(m)+(A ) A(n-
)+E +(AQ+ AL)+(A(L) A(0)

CL
Ii"n;@%EA(i): =
" = 8

Lim@(/n_((A(i)DA(i +1)) A (A (i +1) DA(i)));

therefore:

hence, for thetheorem 8.2, thistheorem istrue, c. d. d.

Semantically, the theorems 8.2 and 8.3 have an important
congquence. It is known that SSL is interpretable by subgitution
of some its atomic sentences with conaete propostions which
have a well defined truth value (true or false). Consgder now an
interpretation of n S wffs B(1), E , B(n). If the propostion that
correspondsto B(k) is true then put B(k)- A(k). Indead, if the

1"k"n 1"k"n 1"k"n
propostion which corresponds to B(k) is fase, then put
1"k"n
AB(K)- A(K). In thisway every attribution of n propostionsto n
1"k"n 1"k"n
1h 1h
SS wifsaffirmstheformulaa  A(i). If n=9,then  A(i) is
i=0 i=0
1h
acontradiction for thetheorem 8.2.0n the other side, Ii"n; A(i)
T 0
is a tautology for theorem 8.3. Therefore every non-contradictory
interpretation of SSLmug be contain some SSLsentences which
are interpreted as conaete propostionswith a well defined truth
value (trueor false), i. e. it isnecessary tha n >0.
Hence, we can affirm thefollowing meta-theorem:

19
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Meta-theorem 8.10: Any interpretation of the standad
sentence logic is non-contradictory when only a finite non-null
nunbe of SSLformulas are interpreted as conaete propostions
with a well dedfined truth value, necessarily some ones as true,
some ones asfalse.

9. Numeric Calculus asBi-logic Structure

Meta-theorem 9.1: Any mathematical propostion is non
contradictory when all the eventual nunbers which are in it are
doneby a finite nunber of digits.

Proof:

Congder any mathematical identity: e = n, were e is any
mathematical expressonandn isanumber a will. Letb (n) be
thebinary representation of n. Every digit of b(n) is1or0.

Consder now thefollowing propostionswhere we consder
asfirst digit themore rightdigit:

B(1) = @ isequd to abinary number thewhos 1-st digit is 1,

B(2) = @ isequd to abinary nurmber thewhose 2-nd digit is 1',
B(3) = @ isequd to abinary nunmber thewhose 3-rd digitis 1",
EEEEEEEEEEEEEEEEEEEEEEEEEE

B(n) = @ isequd to abinary nurmber thewhose n-th digit is 1',

EEEEEEEEEEEEEEEEEEEEEEEEEE

If B(n) isfalse, then it is evident that @ is equd to a binary

number the whose n-th digit is 0". In this way every identity as
e =Db (n) can be represented with a logica produd of

sentences B(n) and/or of ther negaions. We clarify by an
example:

20
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Example 9.1

Consider the identity e = 5. The usua binary representation of 5 is 101.
Therefore we can write e = 101 by substitution of the base 10 with the base 2 in

the numbers of our identity. But e = 101 can be represented by B(n) sentencein
this way:

@ isequal to abinary number the whose 1-st digit is 1 and
@ isequal to abinary number the whose 2-nd digitis 0 and
@ isequal to abinary number the whose 3-rd digitis 1.

This sentence becomes: B(3)+AB(2)+B(1).

Observe that in the common numerical calculus 5 is the abbreviation of
EE .00005 In effect in the standard mathematics the number of digits that
every number contains is potentially infinite and only the calculator limits
oblige us to consider only the more right k digits. If the considered numbers
terminate with infinite O, then our conventions make seem us that the calculus
happens on numbers with a finite number of digits. In effect the true

representation of e =5 in terms of B(n) sentencesis:

1 N
lim AB(i)+B(3)+AB(2)+B(1)

Put A(n) equd to B(n) when B(n) is true and A(n) equd to

AB(n) when B(n) is fase. Then, we can represent every

mathematical identity e = m, whee e is any mathematical
1h
expression and m is any nunber, with the sentence: A()
i=1
where n represents the nunber of digits used to represent the
numbeasin e=m. If these numbes are infinitely precise (i. e. if
they are represented with an infinite number of digits), then the
1h
representation of e = n  becomes Ii"n; A(i), ie a
=1

21
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contradiction. If the infinite precison of the numbers (i. e. thar
representation with infinite digits) implies the representation of
the mathematical identities tha contain them with a contradictory
sentence, then we can consder only the number with a finite
precision (i. e. which are represented with a finite number of
digits) to eliminate some possible contradictions c. d. d.

Consde another time the example 3.1 in the paragraph 3 on
the bi-logic. It shows as a calculus in which the nunmbes are
finitely precise (i. e they are represented with n [where n is
finite] digits), is a bi-logical structure which is obtained by partia
application of the symmetry prindple to the correspondent
calculus in which the number are represented with n+1digits. As
every non-contradictory calculus mus happen on finitely precise
numbes for the theorem 9.2, then every non-contradictory
numeric calculus must be a bi-logical structure. Therefore we can
affirm tha:

Meta-theorem 9.2: Every nuneric calculus mus be a bi-
logical structure.
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