Ideas on Hyperincursive Proof Theory

Arturo G. Grappone
Correspondent of Italian Red Cross,
International Review OMetalogiconO , Piazza Albani@0653 Rom#®ITALY
A.Grappone@mclink.it

Abstract
This paper describes the possibility of incursive pmaiassical formal theory.
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1 Introduction: Formal Theories in General

A formal theoryS is defined when the following conditions are satisfied

1*) There is a set of symbols wh is at most countable and which is the set of the
symbols ofS. A finite sequence of symbols &fis calledexpressiorof S.

2*) There is a subset of the expressionssathich is called set of thevell formed
formulag (abbreviate withwffs singularwff). Usually, there is an automatic
procedure to decide if any expressiortas wif.

3*) There is a subset of the wiffs 8fwhich is called set of thaxioms S is called
axiomaticiff there is an automatic procedure to decide if a wff of axiom.

4*)  There is a finite set of relatiors..., R, among wffs that are calledference rules
For everyr, there is such a sole integer positivéhat for every set of wifs and
for every wff A it can be decided if the wffs are in relationr with A. In this
caseA is calleddirect consequenaaf the ; wifs byr,.

A proofin S is a sequenc@, K ,A,. of such wffs that for every, A, is axiom or
direct consequence of a subset of previous wifs.

A theoremAin S is the last wff of one or more proofs. Such proofs are called
proofs ofA.

S is calleddecidableiff there is an automatic procedure to decide if any wiff of
is a theorem.

! We consider only standard logic with roontradiction principle in this work and we use MendelsonOs formalism

(1). This choice has been done for the wide circulation of such a logicuahdasformalism. We think that the
hyperincursion principles (see above) can be applied to any logic with any formalism but we do not prove this fact in
this paper for space reasons. However, our convinction is based on the following achievement® prsad the
reducibility of fuzzy logics to standard logic (2), Rutz proved the reducibility the walued logics to standard

logic (3) (see also Grappone (4)), Malatesta proved thatlassical logics cannot take a step without a stock of
tautologies belonging to classical one, which are laws of-comtradiction. Therefore either the set of laws of anon
classical logic is a proper subset of the classical one or there is an intersection between the sets of laws of classical
logic and a non classicahe, without which the last cannot work (5).

2 Assume that well formed formulds a symbol which means a given propositiofin



A wff Aof S is calledconsequece of a set! of wiffs of S iff there is a sequence
A.K A, of such wffs that for every A, is axiom or direct consequence of a subset of
previous wffs orA, er. Such a sequench,,... A, is calledproof (or deduction of A
from I'. The elements of are callechypothesesr premiseof A. Read OyAA O OThe
wffs of the sefl" are premises oA O, in other words, OThe wifs of the!setleduceA O.
If r=2, then! ! AA iff A is atheorem. So, we can denote thas a theorem with the
expressions@/AA O and @A O.

The concept of consequence has the following properties:

1**) If rcaA andr! fA, then! VAA .
2**) 1! AA iff there is such a finite set that! " # and! ! AA .
3**) If ! deduces every wiff ! and! J/AA , thenr! AA .

The properties 1*%), E, 3*%) of standard proof theory suggest the way to
introduce hyperincursivityin proof theory. As the (hyper)incursive processes have a set

3 &rhe recursion consists of the computation of the future value of the variable X@stby at timet+1 from the

values ¢ these variables at present and/or past tines],t-2, E by a recursive functionX(t+1) = A(X(t), X(¢1),E,

p) wherep is a command parameter vector. So, the past always determines the future, the present being the
separation line between the pastdaie future. E Starting from cellular automata the concept of fractal machines
was proposed in which composition rules where propagated along paths in the machine frame. The computation is
based on what | called OINclusive reCURSIONO, i. e. INCURSIONireuaive relation is defined by(t+1) =

A(E, X(t+1), X(t), X(t-1), E, p) which consists in the computation of the values of the vted) at timet+1

from the valueX(t-i) at timet-i, i = 1,2,E as a function of a command vectrThis incursiverelation is not trivial

because future values of the variable vector at time $tepg+2,E must be known to compute them at the time step

t+1. E In a similar way to that in which we define hyper recursion when each recursive step generates multiple
solutions, | define HYPERINCURSION. E | have decided to do this for three reasons. First, in relativity theory space
and time are considered as a fexgctor where time plays a role similar to space. If tineereplaced by spacgin

the above definition dhcursion, we obtaiX(s+1) = A(E, X(s+1), X(s), X(sl), E, p) and nobody is astonishdzia
laplacean operator looks like this. Second, in control theory, the engineers control engineering systems by defining
goals in the future to compute their preseate, similarly to our human anticipative behaviour. E Third, | wanted

to try to do a generalisation of the recursive and sequential Turing machine in looking attispacazellular
automata where the order in which the computations are made is takeacotiont with an inclusive recursién(6)

(see also (7)). This innovative mathematical perspective is relevant from a logical viewpoiptotffan S is a
sequenceA K , A of such wffs that for every, A is axiom or direct consequence of a subset of previous wffs,

then we can write such a proof 4s(t),...,A (t+n! 1). The last formula of this proof , i é (t +n! 1), is

calculated inS by inference schemes 8fand by axioms of. Assume the inference scheme$aisnbadic (with an
opportunen) operations which have the deduced wff as achievement and the deducing wffs as arguments. If

&'(&)’ﬁ’ék(d%(éb]) are the axioms which appear iA (t),K,A (t+n-1) and f is an opportune

k<n

combination of the inference schemes which appeaAl'(rr),K ,A”(t +n! 1) and that we assume as operations,

thenA (t+n-1)= (A K, t+k - ) It is very easy to proof that A is a recursive function. But the most
ol ARV PN AL Y easyiop

k<n

frequent logic poblem is to decide if a given wff is a theorem in a formal th&yry e. if it has a proof its. This
fact means to return behind from the theorem to the axioms which deduce it. Given the previous considerations, such
a decision corresponds to calculate functions as F, such that

An!’(t+n! 1 i)=F(A”(t+n! 1)E ,A’l”+1(z+n! l!i+1)). The incursive nature of this last equation is evident.

Clearly, if A requests a parameter choice, theis hyperincursive.



representation, we represent the wiff in form of sets. Consider the countable set
{FIA,K ,I“nA,K} of all the possible sets that dedue As {A}! AA it is very easy to

prove that{A} =1 # . Thus every itinct wif has a distinct set representation. So, to

i=1
develop any formal theory we can only consider set of wff and use an set language: e. g.
we can replace! AA with t " {A} .

A first consequence of such an approachnigasemblist definition of theorem
and axiom:A is theorem or axiom iffA} =" i. e. A is theorem or axiom in any

formal theory iff it is deducible from axioms without other premises.
Now we ca consider the meaning of the set operation in a formal theory (8).

1= If {c}vAAand {D}vAB, then {C}:{A} and {D}: {B} . Thus
{C}: {D} " {A}+ {B} and{C}! {D}/AAB. Hence, if{C}vAA and {D}+/AB then
{C}t {D}r fAB. In particular{A}! {B}t AAB.

2=+ If {B}1 AA and {C[vfA , then {B}2{A} and{C}2{A}. Thus {B}! {4~ {A]}
and{B}n{C}1 AA. Hence, if{B}: AA and{C}! fA , then{B} n{C}! AA.

3**) Let T be the collection of all possible premise sets. Thus, for d¥gryT 2{A|.
Hence, for everyA}, Tt fA.

4%+ | et C{ A} beT \{A}.

5+++) Considerc{A}! {B}. It becomes(T \{A})r {8}, i. e (T m{B})\({A}m{B}), i e.
{Bh\{A}. Also, if {A}1 {B} then {BJ\{A|1 " . Thus {A}vABis equivalent to
{Bh\{A}1 "

6*) {Ah\{B} =& and{B}\{A} = & iff {A}1 {B}

7++%) Given the Cartesian product of two set€Oconsider the examglg " {#} s[! #|.
If [! ] is a sentence, then it can be interpretated as O Elements @ifst place
deduce ements of! in second place and vice versa.O {lgi< ! K} be the

place set Let %}- be the sentence O (There are) elemenfs}oin first placeO

i

* This formula means that the setthé premixes which are necessary to a theorem or an axiom be true is void, i. e.
any theorem or axiom is true alwais and not only under particular premixes.
5 Grappone has proved that any polyadic predicate is equivalent to a predicate built only \sitficrpoedicates and
ngn ' n
sentential connectives (9). He has given the formu(X,...,X,)! _"lgi s(A,lnj(xj))A,ln()q)z (O was
i= =1 j=1

introduced by Malatesta with the namepalyadic sequence implicatiqi0)), where | (4 (xj))A,ln (x;) means
= ’

~ AL VKV ~ Ar (%) v AR (X)v ~ Ay (%.)v ~ Ar(X) (9. We can develop this previous



and, for a single element, let '— be the sentence O (There aré) first placeO.

Given any!— apply the monadic operations to So the sentenfie" | becones
% §/Au and$ﬂ§ Auo i eO/L}- L}-( (yi}— L}- . In general if the

poliadic Cartesian pI‘OdU(btlxazxK xa, IS the sentence composed by the terms

& )
nod | .
I ,!,,...,1,, then its premixe set is equal&ntU‘—'—l# ﬂc‘”; It is clear that,
i i jz0~ 7
1$i

! ! ! ,
e g.,u# L}- $r{;}r, and so on for every set operations.
0 1 0 1

2 From Gentzen’s Natural Deduction to Anticipatory Deduction

The method of natural deduction is owed to Gerhard Gentzen (11). Gentzen listed
thefollowing rules that we describe in standard language in Table I.

Table 1: GentzenOs Rules

A -Introduction I -Elimination I -Introduction I -Elimination

LUVAL#T L AL PUAL" #, P #,({! h A$),({#}! A$)! As$
I " # A# L #l

I -Introduction 1 -Elimination ~-Introduction ~-Elimination

(1 vf)Vft e @asB FB o (ar FICONTR])! f ~a® (o~ avA[CONTR]),
[CONTR]\/A!

There are two other rules of public domain to simplify the equivalence calcule:
(12)

nOn
"
'

achievement for this paper by puttingm(%.K ,X,)! (%, %,K Xn)' s($ (X))$,, ()q)v)g and finally:

X
T, (X)) = n—' So, we can considgrr K ,nn} as a place predicate set.

m;

6 [CONTR] is the logical cotradiction, i. e. any sentence whose truth value is always equal to false.



Table 2: Public Donain Rules
I -Introduction I -Elimination

Lo 1AL $# a=p! Aaop.a=p! fRoa

The rules of the tables | and Il permit us to deduce various tautologies by
GentzenOs methdel. g. we have:

1 (1) p'q Hypothesis
2 (2 qir Hypothesis
3 Q) p Hypothesis
13 4 g« 1,3 -Elimination
1,23 (5) r 3,5- -Elimination
1,2 (6) p'r 3,5 -Introduction
1 (7) (aor)o(por) 2,6 > -Introduction

b (8) (pr g ((grr): (prr) 1,7 -Introduction

We start from some hypothesis and afterwards we apply GentzenOs rules untill the first
column is void. Then, the formula in the same row and in third column is a tautology.
(P1) is based on the calculus of premise sets: the premise set of a tautologyuslybvi
empty because a tautology is a theorem. B(gr:g): (! 1t (p! )} " #

Consider the properties 1***), E,7***) of a formal theory. These and GentzenOs rules
permit us to obtain reversible rules that define standard sentence logic as a formal
theory aad permit us to build an anticipatory deduction. We have:

1#)  {ofulp}! Awp by 1%*%) and 1 1Ar#" by a-Introduction, hence
{e}ulpfvfanp by 3%, thus {1}" {#s{r 4. aap!' Aa ! -Elimination and
anp! fp ! -Elimination, hence{aap}2{c} and {1 " # ${#}, so {up}2{c} u{s}.

Finally, from{ " #} $ {1 | and{« 1} 2{p}:

o n b} =t} U {p) (1#).

2#) 1V Art# by 1 -Introduction and !'! A" #! by v-Introduction, hence
b { #s} and {}2{avp}, hencd | {us{ wf. 1 " #,({! }\/A$),({#}\/A$)\/A$ by ! -
Elimination, so(l | A" )(# bA ) ( $#)1 A" ) thus ({a}ﬂ{ﬁ}\’/Ay)\/A({a vﬁ}\/Ay), hence
{a}n{s}2{v} Alave}2{s}, so | "#}s{itwl by 19),E3*). Finally, from

{r} {#s{r s} and{ "#}s {1 fonis}:
{evpf={ejnip} (2#).



3#) (ol Ap)! Aaop by ! -Introduction, so{!}\{"}#$! A{" %!}#$ by 5%%), thus
{B}\{a} 3{a3[3} 1) # A# by 1 -Elimination, so ! # A1t A#), thus

{ " $%'A{} {} $ %, hence{! " #}${#}\{!}.But{!}\{"}#C{"}${!}.Finally,
from{[s} { } {ocDB} and{. " #}${#}\{!}:

(ot} ={oh{ed =cle} nf) ()

4#) (1 vA[CONTR])vA -1 by ~-Introduction.[CONTR] is the contradiction symbol.

To I’epresenECONTR.] in formal theories consider that a contradictory sentence deduces

every sentence in standard sentence logic. (5) In othedswdor every wif!
{[CONTR.]}Q{a}. But this relation is true iﬁ{[CONTR]}ET , whereT is the set which

includes all the possible premise sets. So we can write ~tHatroduction:
1 fT) f~1, so T\{a} _@\/f{~a}5®, thus c{t}#t f{~1}"#, hence

-1} ( ~1 \/A[CONTR]) and [CONTR]VA! by ~-Elimination, so
a}\/f({a}\/ ) thus {~o} =ovfT &{a} =, hence {~1}"#vrc{t} #, so
Finally, fromC{t }* {~1 } and{~a} 2C{q}:

-tpr e
~1frcif (4#).
5#)  aoppoo/fa=p by =-Introductian, so {1 " #s{#" 1} %! a#}.

1 m# Als# and ! "# A#s! by =-Elimination, so {1 "#s{1 »# and

{a=p} 2{poq}, thus{a= }Q{GDB}U{BDE }. Finally, from {«>p} U{p> o} 2{c=p}
and{t " #}s {1 w#fafru! |

{rea{r su wftst) (5#).

Rules (1#),E,(5#) permit us to obtain anticipatory probf€E. g., consider the proof
(P1) in anticipatory form:

Start:

L EICEREICEL) M9 (gt Nt (pr r) [Hypothesis

A proof is anticipatory if it is built by starting from the theorem which has to be proved.



By rule (3#):

{(q! Nt (p! r)} E){p! q} @) pra:r (qrnr(prr) [(1),(2): -Introduction
{(q! Nt (p r)} )@ ) (prr) Hypothesis

{r: 4] (1)| P-4 Hypothesis

By rule (3#):

{@rn: prn}e{p: B) (9 (g »t (p! ) [(1),(4): -Introduction
{pl r} {ql r} @)@ nt(ptn (2),(3) o -Introduction
{p11] (3)] P°7 Hypothesis

{@nf (2)ar Hypothesis

{p: df (1) P Hypothesis

By rule (3#):

{(qu)D(pDr)} {qu} M| pr g (g n! (prr) [(1),(6): -Introduction
{prr}-{arr] 6)|@rnrptn (2),(5) > -Introduction
{1 {7} (5)| P=T1 (3),(4) > -Introduction
ir @] Hypothesis

17} (3)| P Hypothesis

{@@>on} (2)|q"r Hypothesis

{p df (D[P A Hypothesis

By rules (1#) and (3#):

{@rn:(p n}e{p: qf @[ a (@ nt (prr) [(1),(7): -Introduction
{por}-{a>r] (@@ prn) (2),(6) > -Introduction
1 -1{r} (6)| P T (3),(5) -Introduction
il (5)|r Hypothesis
{rfu{pod} @4 (1),(3): -Elimination
{n} (3)| P Hypothesis

@ n} (2)ar Hypothesis

{p: d} (D[P A Hypothesis




By rules (1#) and (3#):

{(ql N (p A D{pt g @) (P! qrr:(prr)y [(1),(7)>-Introduction
{prr}plgrr M| @rnrp (2),(6) -Introduction
{r} o{ o} (6)| P=T1 (3),(5) -Introduction
S EL (5)|r (2),(4): -Elimination
o}t {p q} E (1),(3): -Elimination
{#} 3P Hypothesis
{tgr n} (2)|9°r1 Hypothesis
{p: q (1| P a Hypothesis

To verify if (pog)o((@or)2(por)) is a theorem we can consider the first column
of its proof. We have:{(po9)>(¢2n>(p>5n} ! {@>n>(pon}e{poq !

(o e ) ~{or o (({}-{A)- {w}) {poa} !
(o=l d)ofa=a) of o

Y (o dr {ar ) d)efa- f}%a{p af !
S (efe {a)r (ol ) clefE clefa) |
(o {afr fr}e cfo) clefalr ) C(C{p}! {a}) !
! (@mc(c{q}m{})) }m{q})! %)

C(c{ p
3 Incursive Proofs in Standard Sentence Logic

e cleie o) !

To develop incursive proofs in standard sentence logic given below it is necessary
that such inference schemes be completely reversible. A complete set of such schemes
is:

vl =1 01) [ *(p.9) = p" q (14j)
ip = p (02i) [ "(puK . p) =! "MK, per) # P, (15i)
vVi(pq) = pvq 03) | "¢ peupyne) = Cpir pie) (164)
VP 1) =V (P P v pa (040 | "Cos piea~ i ) =1 a7
| "K,pK,p.K) = (05)) [p! p" #'K.p.K,pK) = (18j)
=1 "K,p.K,p.K) =H(K,p.K,K)



L ™ (e B )i 061) | 1" ™(p sy oo (19i)

! mn(pnli"'ipnmn)): "'s" W(pm EEREE) p”mn))=

] 1!
= ((pam)) = ey

i, =1 i =1

i1 -1
P(K,~ 1K) =~1 (O7i) | p2p, = V'(K,p.K,pK) = (20i)

= V™K ,.K,p K)

V'K, p.K,~pK) =1 08i) ! " ...y =" (21))
VK, LK) =1 (09i) | ~(prg) = ~pv~q (22j)
V(K ,~1K) = V™K, K) (10i) | —~p=1p (23i)
~(pvo) = ~pr~q (1)) |prg= ~p ¢ (24j)
A =1 (12j) | p=q = (p20g)A(@2 p) (25j)
A(p) =p (13i)

An example of incursive proof with the previous nefiece schemes is given
below:

p'(q! p)

~pv(~qvp) (24i)
-pap (044
1 (08i)

This proof is completely reversible, in fact:

1

vVi~pagp (08
~p! (~q! p (04)
p2(g> p) (24i)

is also a proof. The hyperincusive nature of rules 1j),E,25j) is evident
4 Conclusion
We have proved the possibility of a hyperincursive proof theory which is

perfectly coherent with standard proof. The greatest advantage of a bypsvia proof
theory is the possibility of building a proof by starting from the theorem instead of from

8 The incursive nature of the rules 1i),E,25}) is evident because they are totallysiisle and therefore they
generate proof totally reversible: thus anticipatory proofs (proofs which start from theorems which have to be proved)
can also be generated.



the premixes. But this is the real application of the logic. In concrete development of
sciences, we do want to generate theorems from premixes ml@mavay which is

the only way that natural deduction permits, but we want to verify if a given wff is a
theorem in our mathematical theories. Hyperincursive proof theory permits this.
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° Observe that we cannot anticipate what theorem we will proof when we apply Gentresi€ds natural deduction.
Instead if we must prove a givempriori theorem, to find their proof is an anticipatory calculus.



