A Formal Theory to Represent in it
All the Aristotle’s Syllogisms

First Part

Let A ,B,C ,... be generic sentences.
LetA,B,C, ..., A*, B*, C* ..., A',B',C, ..., A* ' B*' C*' ..., be atomic sentences.

O0l) Let N A and C A B be well formed formulas (wffs ).
Put the following axiom outlines:

02)CA CB A ,

03) CCACBC CCABCAC ,

04 ) CCNB NA CCNB A B,

Put the following inference outline:

05) A ,CA B NfB (where “\f” means “hence” ).

06) By 01),...,05) we can consider N A and C A B as sentences of the standard sentence logic
(SSL ) and we can interpretate:

NA as “notA 7,
CA B as “A implies B 7.

Therefore we can put some interpreted abbreviations:

07) V A B isabbreviation of CA A (tautology ),

08) A A B isabbreviation of CN A B (inclusive or ),

09) B A B isabbreviation of CB A (converse implication ),
10) D A B isabbreviation of AN A NB (Sheffer’s connective ),
11) EA B is abbreviation of N DCA BCBA (equivalence ),

12) F A B is abbreviation of N A ,

13) G A B is abbreviation of N B ,

149) H A B isabbreviationof B ,

15 T AB is abbreviation of A

16) J A B is abbreviation of N E A B (exclusive or ),

17) KA B is abbreviation of N AN A N B (and ),

18) LA B is abbreviation of K A N B ,

19) MA B is abbreviation of K N A B ,

200 XA B is abbreviation of K N A NB ,

21) OA B is abbreviation of K A NA (contradiction ).



A Formal Structure to Represent in it
All the Aristotle’s Syllogisms

Second Part

Put the following abbreviations:

22)
23)
24)
25)

a A Bis abbreviation of K C AB C A* B,
e A Bis abbreviation of X C AB C A* B,
1 A Bis abbreviation of A C AB C A* B,
0AB is abbreviation of D C AB C A* B,

26) Let L A bea well formed formula (wff ).

Put the following abbreviations:

27) MA is abbreviation of NL N A

28)

QA is abbreviation of K NLA NLNA .
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Third Part

29) Suppose to have a sentence S in which there are L, M, Q; to obtain an equivalent SSL sentence
R without them we can execute on S ithe following procedure:

STEP O1:
STEP 02:
STEP 03:
STEP 04:
STEP 05:
STEP 06:
STEP 07:
STEP 08:
STEP 09:
STEP 10:
STEP 11:
STEP 12:
STEP 13:
STEP 14:
STEP 15:

STEP 16:

STEP 17:
STEP 18:

STEP 19:
STEP 20:

Eliminate every symbol Q by 28).

Eliminate every symbol a,e,i,0 by 22),...,25).

Eliminate every connective VBDEFGHIJLM X Oby 07), ...,21).
Replace every A with A'and every A* with A* '

Replaceevery LN A withNM A .

Replace every M N A with NL A .

Replace every L A' with K A A"and L A*'with K A* A*".

Replace every M A'with A A A'and M A* ' with A A* A*".

Replace every LK A A'with K AA'and LK A * A*'with K A * A*",
Replace every M K A A' with K AA"and M K A * A*'with K A * A*",
Replace every L A A A'with A AA'and L A A * A*'with A A*A*",
Replace every M A A A' with A AA'and M A A * A*'with A A* A*",
If any step among 5, ..., 12 has been executed,then go to STEP 5.
Replaceevery LKA C with KLALC.

Replace every MK A C with K MA MC whenK A C isnot contradictory,
otherwise withK A C.

Replace every LA A C withALA LC when A A C is not tautologic,
otherwise with A A C.

Replaceevery M AA C with AMA MC .

Replace every LCA C withCM A LC when A A C is not tautologic,
otherwise withCA C.

Replaceevery M CA C with CLA MC .

If any step among 14, ..., 19 has been executed, go to STEP 5.

To kown the proof of validity of this procedure see:

A. G. Grappone
Modal Sentence Logic Formulas as Abbreviations of Standard Sentence Logic Formulas,
Metalogicon (1990) III, 2, pp. 83-100
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Fourth Part

The proof of the procedure 29) in the cited paper permitts us to affirm that our formal theory
is isomorphic to standard sentence logic, hence that there is a procedure to transform every theorem
of our structure in an equivalent tautology and vice versa and that we can do the following
interpretations:

30) LA means “A is necessary ",
31) MA means “N A 1is not necessary ”,
32) QA means “A is not necessary and N A is not necessary .

Also, for this isomorphic relation between our formal theory and , as in standard sentence logic, has
to be true the deduction metatheorem (Herbrand, 1930) which we show in this form:

33) {A,..,B,C}YVfD iff {A,.,B}YVfCCD.



The Representation of Aristotle’s Syllogisms in our formal theory

First part

The sentences which appear in the Aristotle’s syllogism premisses are in this form about:

34)
35)
36)
37)
38)
39)
40)
41)
42)
43)
44)
45)

Every Ais B,

It is necessary that every A is B,

It is contingent that every A is B,
Some A is B,

It is necessary that some A is B,

It is contingent that some A is B,
No A is B,

It is necessary that no A is B,

It is contingent that no A is B,
Some A is not B,

It is necessary that some A is not B,
It is contingent that some A is not B.

There is a known representation of them in the standard first order predicative calculus. In the same
order of the previous sentences we have respectively in standard language (read O as “it is

contigent that”):

46)
47)
48)
49)
50)
51)
52)
53)
54)
55)
56)
57)

CHAX) ... B(x))
LH(G(AX) ... B(x))

O (()(A®X) ... B(x)))
(I)(AX) ... B(x))

1 (@)(ARX) ... B(x))
O (AX)(A®X) ... B(x)))
()~(AX) ... B(x))
() ~(A(x) ... B(x)))
O ((0)~(A(X) ... B(x)))
(Ix) ~(A(x) ... B(x))

(1 (@) ~(A®X) ... B(x)))
O ((Ax) ~(A(X) ... B(x)))



The Representation of Aristotle’s Syllogisms in our formal theory

Second part

As there are the procedure 29) which eliminates the modal operators [ ] and O from the
sentences in which there are not terms (wffs of sentence modal logic), we must only obtain the
reduction of the sentences with terms:

46) (X)(A(X) ... B(x)),
49) @Ax)(A®X) ... BX)),
52)  (0)~(A(x) ... B(x)),
55)  (3x) ~(A(X) ... B(x)),

in sentences whithout terms (wffs of sentence modal logic). Observe that among 46) 49) 52) and
55) there are the following laws (in which the first connective is in Polish notation, the remaining
formula, in standard language):

58)
59)
60)
61)
62)
63)
64)
65)
66)
67)
68)
69)

> —-wO—=g—-QU

AR) ... B))(x) ~(Ax) ... B(x)),
(X)(A®X) ... BX)EX)(A®X) ... B(x)),
(X)(A®X) ... B(x))(3x) ~(A(X) ... B(x)),

*) ~(A(X¥) ... Bx)  (X)(AK) ... B(x)),
(x) ~(A(x) ... Bx))  (@)(AX) ... B(x)),
(x) ~(A(X) ... Bx)) (@) ~(A®X) ... B(x)),
AI)A®X) ... Bx)  ®(AX) ... B(x)),
(AI)A®X) ... Bx) (%) ~(A®X) ... B(x)),
(AI)A®X) ... Bx) (@) ~(A®X) ... B(x)),
(Ix) ~(A(x) ... Bx)) (X)(AX) ... B(x)),
(Ix) ~(A(X) ... BX)) (%) ~(A(X) ... B(x)),
(Ax) ~(AX) ... Bx)) (@x)(AX) ... B(x)).



The Representation of Aristotle’s Syllogisms in our formal theory

Third part

As the validity of a syllogism depends only from the logic relations among its sentences, then
we can replace tidily the sentences 46), 49), 52) and 55) in the syllogisms without loss or gain of
validity with every set of four sentences which conserves the logic relations 58), ..., 69). So, we
can use the following substitution which conserve the logic relations 58), ..., 69):

70) (x)(AX)...B(x))J aAB

7)) 0)~(A(X)...B(x)) @ eAB
72) ANA®K)...Bx) @ iAB
73) (Ax) ~(Ax)...B(x)) T 0AB

So, every Aristotle’s syllogism is representable without using terms.

The propositions 1), ..., 73) permitt us to affirm an important conclusion:

74) Every Aristotle’s syllogism has a correspondent sentence in
the standard sentence logic (SSL) such that the syllogism is valid
iff the correspondent sentence is a tautology. This sentence can be
find by 1), ..., 73).

Now, we test, for example, all the syllogisms BARBARA by its correspondig SSL sentences. All
the Aristotle’s syllogisms will be tested in a paper which will be published after.



BARBARA (1)

Both premisses assertoric:
aAB,aCAVfaCB.

CaABCACAaCB. for 33),
CKCABCA*BCKCCACC*AKCCBCC*B for 22),

CKCABCA*BCKCCACC* AKCCBCC*B is atautology (verify it, for example, with
the standard tautology calcule), therefore Barbara with both assertoric premisses is a valid
syllogism.

Both apodeitic premisses:
LaAB,LaCAVfLaCB.

CLaABCLACALaCB.

for 33),

CLKCABCA*BCLKCCACC*ALKCCBCC*B

for 22),

CLKCA'B'CA*'B'CLKCCA'CC*'"A'LKCC'B'CC*'B"'

for 29): step 04,

CKLCA'B'LCA*'B'CKLCCA'"LCC*A'KLCC'B'L CC*'B"'

for 29): step 14,
CKCMA'LB'CMA*'LB'CKCMC'LA'CMC*LA'KCMC'LB'CMC*'LB"'
for 29): step 18,

CKCAAA'K BB'CAA*A*'KBB'CKCACC'KAA'CAC*C*'"KAA'KCACC'K BB'CA
C*C*'KBB'

for 29): step 07,08

CKCAAA'K BB'CAA*A*'KBB'CKCACC'KAA'CAC*C*'KAA'KCACC
'K BB'CAC*C*'KBB' is a tautology (verify it, for example, with the standard tautology
calcule), therefore Barbara with both apodeitic premisses is a valid syllogism.



BARBARA (2)

Apodeitic major, assertoric minor
LaAB,aCAVfLaCB.

CLaABCACALaCB.

for 33),

CLKCABCA*BC KCCACC*ALKCCBCC*B

for 22),

CLKCA'B'CA*'B'CKCCA'CC*"A'LKCC'B'CC*'B"'

for 29): step 04,

CKLCA'B'LCA*'B'CKCC'A'CC*A'KLCC'B'L CC*'B'

for 29): step 14,

CKCMA'L B'"CMA*'LB'CKCC'A'CC**A'KCMC'L B'CMC*'LB"'
for 29): step 18,

CKCAAA'K BB'CAA*A*'KBB'CKCC'A'CC*'"A'KC ACC'K BB'CAC*C*'KBB'

for 29): step 07,08

CKCAAA'K BB'CAA*A*'KBB'CKCC'A'CC*"A'KCACC'K BB'CAC*
C* 'K B B 'is a tautology (verify it, for example, with the standard tautology calcule), therefore
Barbara with apodeitic major premisse and assertoric minor premisse is a valid syllogism.

Assertoric major, apodeitic minor:
aAB,LaCAVfLaCB.

CaABCLACALaCB

for 33),

CKCABCA*BCLKCCACC*ALKCCBCC*B

for 22),

CKCA'B'CA**B'CLKCCA'CC*'"A'LKCC'B'CC*'B"'

for 29): step 04,
CKCA'B'CA*'B'CKLCCA'"'LCC*¥*A'KLCC'B'LCC*'B'

for 29): step 14,

CKCA'B'CA*B'CKCMC'LA'CMC*'LA'KCMC'L B'CMC*'LB'
for 29): step 18,
CKCA'B'CA*B'CKCACC'KAA'CAC*C*"KAA'KCACC'K BB'CAC*C*'KBB'
for 29): step 07,08

CKCA'B'C A** B'/CKCACC'KAA'CAC*C*'KAA'KCACC'K BB'CAC*
C* 'K B B 'is a tautology (verify it, for example, with the standard tautology calcule), therefore
Barbara with assertoric major premisse and apodeitic minor premisse is a valid syllogism.



BARBARA (3)

Both premisses problematic
QaAB,QaCAVfQaCB.

CQaABCQACAQaCB

for 33),

CKNLaABN LNaABCKNLaCANLNaCA KNLaCBNLN aCB

for 29): step 01,

C KN LKCABCA*BN LNKCABCA*BCKNLKCCACC*ANLNKCCACC*AKNLKC
CBCC*BNLN KCCBCC*B

for 29): step 02,
CKNLKCA'B'CA**B'NLNKCA'B'"CA**'B'CKNLKCC'A'CC*'A'NLNKCC'A"'
CC*"A'KNLKCC'B'CC*¥*'B'NLN KCC'B'CC*'B'

for 29): step 04,
CKNLKCA'B'CA**B'"MKCA'B'CA*'B'CKNLKCC'A'CC*'"A'M,KCC'A'CC*'A
'KNLKCC'B'CC*"B'MKCC'B'CC*'B'

for 29): step 05,06,

C KNKLCA'B'LCA**B'KM CA'B'M CA*'B'CKNKLCC'A'L CC¥*"A'K MCC'A"
MCC¥*"A'KNKLCC'B'"'LCC*B'KMCC'B'"M CC*'B'

for 29): step 14,15,

C KNKCMA'LB'CMA*'LB'"KCLA'M B 'CLA**MB'CKNKCM C'LA'CMC*'LA"
KCLC'MA'CLC*M A'KNKCMC'LB'CMC*'LB'KCLC'MB'CLC*'M B'

for 29): step 18,19,

C KNKCAAA'K BB'CAA*¥A*'KBB' KCKAA'ABB'CKA*¥*A*' ABB'CKNKCACC'K
AA'CAC*C*' KAA'KCKCC'AAA'CKC¥*C*'"AAA'KN K CACC'K BB'CAC*C*'KBB"'
KCKCC'ABB'CKC*C*'ABB'

for 29): step 07,08,

C KNKCAAA'K BB'CAA*A*'KBB' KCKAA'ABB'CKA*A*" ABB'CKN
KCACC'KAA'CAC*C*'"KAA'KCKCC'AAA'CKC*C*"AAA'KN K CACC
'K BB'CAC*C*'KBB'K CKCC'ABB' CKC*C*'A BB' is atautology (verify it,
for example, with the standard tautology calcule), therefore Barbara with both problematic
premisses is a valid syllogism.



BARBARA (4)

Problematic major, assertoric minor
QaAB,aCAVfQaCB.

CQaABCACAQaCB
for 33),

CKNLaABN LNaABCaCA KNLaCBNLN aCB

for 29): step 01,

C KNLKCABCA*BN LNKCABCA*BCKCCACC*AKN LKCCBCC*BNLN KCCBC
C* B

for 29): step 02,

CKNLKCA'B'CA**"B'NLNKC A'B'CA**B'CKCC'A'CC*'A'KN LKCC'B'CC*'
B'NLN KCC'B'CC*'B'

for 29): step 04,

CKNLKCA'B'CA**B'" MKCA'B'CA*'B'CKCC'A'CC*'A'KN LKCC'B'CC*'B'
M KCC'B'CC*'B'

for 29): step 05,06,

C KNKLCA'B'LCA*"B'KM CA'B'M CA*'B'CKCC'A'CC*'"A'KNKLCC'B'L C
C*'B'KMCC'B'"M CC*'B'

for 29): step 14,15,

C KNKCMA'LB'CMA*'LB'"KCLA'M B 'CLA**MB'CKCC'A'CC*'"A'KN K CM
C'LB'CMC*LB'KCLC'MB'CLC*'M B'

for 29): step 18,19,

C KNKCAAA'K BB'CAA*A*'KBB' KCKAA'ABB'CKA*A*'ABBCKCC'A'CC*'A'"'
KNKCACC'KBB'CAC*C*'KBB'K CKCC'ABB'CKC*C*"ABB'

for 29): step 07,08,

CKNKCAAA'KBB'CAA*A*'KBB' KCKAA'ABB'CKA*A*'ABBCKZC
C'A'CC*"A'KN KCACC'KBB'CAC*C*'KBB'K CKCC'ABB' CKC*C*
"A B B' is a tautology (verify it, for example, with the standard tautology calcule), therefore
Barbara with problematic major premisse and assertoric minor premisse is a valid syllogism.



BARBARA (5)

Assertoric major, problematic minor
aAB,QaCAVfMaCB.

CaABCQACAM aCB
for 33),

C aABCKNLaCANLNaCA M aCB

for 29): step 01,

CKCABCA*BCKNLKCCACC*ANLNKCCACC*AMKCCBCC*B

for 29): step 02,

CKCA'B'CA*"B'CKNLKCC'A'CC*'A'NL NKCC'A'CC*'"A'MKCC'B'CC*'B"'
for 29): step 04,
CKCA'B'CA*"B'CKNLKCC'A'CC*'"A'"M,KCC'A'CC*'"A'MKCC'B'CC*'B"'

for 29): step 05,06,

CKCA'B'CA**'B'"CKNKLCC'A'L CC*"A'KMCC'A'M CC*'"A'KXM CC'B'M CcC*
IBI

for 29): step 14,15,

CKCA'B'CA*'B'"CKNKCMC'L A'CMC*'L A'KCL C'AAA'CL C*'M A'KCL C'
M B'CL C*'M B'

for 29): step 18,19,

CKCA'B'CA*" B'"CKNKCACC'AAA'CAC*C*'L A'KCKCC'M A'CKC*C*'A AA"'
KCKCC'ABB'CKC*C*'ABB"'

for 29): step 07,08,

CKCA'B'CA*"B'CKNKCACC'AAA'CAC*C*'L A'KCKCC'M A'CK
C*C*'"AAA'KCKCC'ABB' CKC*C*'A BB 'is a tautology (verify it, for example,
with the standard tautology calcule), therefore Barbara with assertoric major premisse and
problematic minor premisse is a valid syllogism.



BARBARA (6)

Problematic major, apodeitic minor
QaAB,LaCAVfQ aCB.

CQaABCLACAQaCB

for 33),

C KNLaABNLNaABCLaCA KNLaCBNLN aCB

for 29): step 01,

C KN LKCABCA*BN LNKCABCA*BC LKCCACC*AKNLKCCBCC*BNLN KC
CBCC*B

for 29): step 02,

CKNLKCA'B'C A** B'NLNKCA'B'CA**B'C LKCC'A'CC*'A'KNLKCC'B'C
C*'B'NLN KCC'B'CC*'B'

for 29): step 04,

CKNLKCA'B'CA**B'"MKCA'B'CA*'B' CLKCC'A'"CC*"A'KNLKCC'B'CC*'B
'"'M KCC'B'CC*'B'

for 29): step 05,06,

C KNKLCA'B'LCA*'B'KM CA'B'M CA**B'CKLCC'A'LCC*'"A'"KN KL CC'B'
LCC**'B'KMCC'B'M CC*'B'

for 29): step 14,15,

C KNKCMA'LB'CMA*'LB'KCLA'M B 'CLA**MBCKCM C'L A'/CMC*'LA'KN
KCMC'LB'CMC*LB'KCLC'MB'CLC*¥'M B'

for 29): step 18,19,

C KNKCAAA'K BB'CAA*A*'KBB' KCKAA'ABB'CKA*A*" ABB'CKCACC'KAA"'
CAC*C*'KAA'KN K CACC'KBB'CAC*C**'KBB'K CKCC'ABB'CKC*C*"ABB'
for 29): step 07,08,

CKNKCAAA'KBB'CAA*A*'KBB' KCKAA'ABB'CKA*A*'"ABB'CKC
ACC'KAA'CAC*C*'KAA'KN KCACC'KBB'CAC¥*C*KBB'K CKCC'
ABB' CKC*C*"ABB" is a tautology (verify it, for example, with the standard tautology
calcule), therefore Barbara with problematic major premisse and apodeitic minor premisse is a
valid syllogism.



BARBARA (7)

Apodeitic major, problematic minor
LaAB,QaCAfM aCB.

CLaABCQACAM aCB
for 33),

CLaABCKNLaCANLNaCAMaCB

for 29): step 01,

CLKCABCA*BCKNL KCCACC*ANLNKCCACC*AMKCCBCC*B

for 29): step 02,
CLKCA'B'CA**B'CKNLKCC'A'"CC*'"A'"NLNKCC'A'CC*A'MKCC'B'CC*'B"'
for 29): step 04,
CLKCA'B'CA*'B'"CKNLKCC'A'CC*"A'"MKCC'A'CC*"A'MKCC'B'CC*'B"'
for 29): step 05,06,

C KLCA'B'LCA*'B'CKNKLCC'A'LCC*"A'KMCC'A'MCC*"A'KMCC'B'MCC*'B

for 29): step 14,15,

CKCMA'LB'CM A*'LB'CKNKCM C'LA'CM C*'LA'KCLC'M A'CLC*'M A'K
CLC'MB'CLC*'M B'

for 29): step 18,19,

C KCAAA'K BB'CAA*A*'KBB'CKNKCACC'KAA'CAC*C*'KAA'KCKCC'AAA"'
CKC*C*' AAA'KCKCC'"ABB'CKC*C*'ABB'

for 29): step 07,08,

CKCAAA'K BB'CAA*A*'KBB'CKNKCACC'KAA'CAC*C*'KAA'KC
KCC'AAA'CKC*C*' AAA'TKCKCC' ABB' CKC*C*'A BB 'is a tautology
(verify it, for example, with the standard tautology calcule), therefore Barbara with apodeitic major
premisse and problematic minor premisse is a valid syllogism.



